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Introduction

It is not a classical problem problem.
e Atoms cannot exist within classical electromagnetism
* An electron revolving around a nuclei, must radiate, lose energy and decay.

* Materials (system of positive and negative charges) cannot exist with classical electromagnetism
» Stable equilibrium cannot be reached in a system where the only interactions are electrostatic (Earnshaw’s theorem)

Electronic properties

* We think in principle about : band structure, gap, density of states, simple excitations, ..

Electronic transport

* Low temperature thermal transport in metals

* Magnetism (the electron spin, origin of the effective electronic interactions, exchange, ...)
* Optics (adsorption, emission, luminescence, ...)

* Elastic properties (ductile, brittle, ...)
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Slow discussion about concepts that one must understand and methods that one must manage
when one is interested on the electronic properties of
systems composed of atomic nuclei and electrons (molecules, solids, crystals, ...)

* Entrée
* The hydrogen atom to remember atomic orbitals
* Multi-electron atoms to discuss the formation of shells and screening
* A systems with two atoms and two electrons to discuss bonding

* Plat
* Many atoms and many electrons

* Methods and approximations neglecting the electron-electron interactions
e Tight-binding method
*  Why some materials have an electronic gap

* Methods and approximations taking into account the electron-electron interactions
* Hartree
e Hartree-Fock
e Density Functional Theory

* Dessert
* La “surprise du chef
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Entrée

Esqueixada

También con pimiento asado se elabora la esqueixada. Este plato frio, esta hecho con bacalao desmigado y
pimiento asado.

El contraste de sabores entre el bacalao salado, el dulzor del pimiento y el aceite de oliva hacen de este
plato sencillo que los catalanes se sientan orgullosos.
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The hydrogen atom
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The hydrogen atom

( hz vz e 2 Electron
H(r) = — — —
_I) 2m r . MeMyp
m =
. . . . me _I_ mp
The only physical quantity with units of length
h2
ap = > = 0.5291A= 1 bohr
me €
The only physical quantity with units of energy
h2
Ey = > = 13.6eV = 1 Ry
2 me ag
The Hamiltonian is rotational invariant we can use spherical coordinates We search for
1 0 9, 1 0 0 1 d? I L
=100y, L 0,0y, H() #() = E ¢(7)
r2or\ Or r2 sin 6 06 00 r2 sin? § 02 ¢? () #(7) (
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The hydrogen atom

SUANTUM The eigen-functions
( 9 R ) p ((9 ima Y n Principal quantum number
e Pnlm T, U, ¢) — nl (T Im ) € [ Azimutal ...
\ - ~ _J G ~~ _J/ )
l \ m Magnetic ...
Rnl(r) =T }/lm(ga (;b)
n=1,2,..00
r — 0 Spherical harmonics ) 0<i<n-1
— <m<]
. s l =rla
‘Rn.l(r) X 03’2 nodes 1n /ro n _ l _ 1 1s level (pn=l.l=0.m=0 = \/Ee 0
. 0
nodesin @ [ —m e el ! (1 ,) o
. s Ieve (pn=2.l=0.m=0 =0 Y 9
nodes in ¢ m Jsra \ 24
total n—1 Opezizimey = — LT erzmgin gete
e 8/ ma3 %o
FIGURE 6 2p level Disrisiunyg = . e "/2% cos 0
4\/21ra(3, o
Radial dependence R, (r) of wave func-
tions associated with the first few levels of @ _ 1 _’_e—rIZao sin 0 e~
the hyd tom. Whenr —> 0, R, ,(r n=2l=1m=-1 " :
be:azesr og:l;ar?:n only“:l:e s states (fOI{ 8 \/7‘_“3 o

:::::‘nt; jt (:::a:reigla.nn;on-uro S o 3»”2 _ l (l _|_ ]_ )
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The hydrogen atom

The eigen-energies

E A L _—— = == ===

“ UM
MECHANICS
0 Laammas s |
_EO 32 (n=4) | 4s 4p 4d 4f VOLUIVE ONE
Enlm —_— — 2 18 n=3 4 35 3[7 3d
n CIAUDE COHEN-TANNCUDJ
8 (=24} 2 2P LS
n Principal quantum number
[ Azimutal ...
m  Magnetic ... nctRe 4
Energy levels of the hydrogen atom. The
energy £, of each level depends only on n.
n=1,2,..00 If n is fixed, several values of / are pos-
sible: /=0,1,2,....,n — 1. To each of
0<Ii<n-1 these values of / correspond (2/ + 1) pos-
’) i Is sible values for m:
—1<m<lI ‘"‘E“ m=—1—1+1,..,1
I §
/1=0 I =1 1=2 /=3 Consequently, the level E, is n’-fold
(s) (p) (d) (N degenerate.
/V
/ Highly degenerate levels
Notation =5
" (n — 1)n 2
Spin -+ 2X g,,=z(21+1)=2—-—2 +n=n
1=0
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Multi-electron atoms
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Multi-electron atom

F ) stabila

_%-!'_ 101 jr
S

==
Composed of o

160 1012 jr

1019 jr
140 oy
N neutrons r

106 jr

120
Y4 protons 104

Z electrons 100 100
1jr

10° sek
10* sek
100 sek
1 sek
40 e 102 sek
10* sek

20
107 sek

1078 sek
malstabila

40 60
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Multi-electron atom e-e interaction (hydrogenic)

Kinetic Coulomb e-nucleus Elgén-eleck

Same solution than the hydrogen atom but with

e’ s 7e?

E, — Z%E,
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CuwGe Rb Ag GCs Au U
0.1 T T I I I I
-1 -0.01
-10 -0.1
5 J
5  -100 -1 >
[4}] =
& g
-1000 -10
-10000 -100
100000 U | L L1 l l | | - -1000
1 6 14 19 2932 37 47 56 79 92

Y4

The energy of 1s orbital for the hydrogenic atom decreases when the number of protons Z increases.
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CuwGe Rb Ag GCs Au U
0.1 T T I I I I
-1 -0.01
-10 -0.1
5 J
5  -100 -1 >
[4}] =
& g
-1000 -10
-10000 -100
100000 U | L L1 l l | | - -1000
1 6 14 19 2932 37 47 56 79 92
Z

It compares pretty well with the calculated energy of the 1s orbital when one includesthe e-e interaction
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CWGe Rb Ag Cs Au U
| |

I | I I I | I I

-10
: 3
% -100 )
i g
-1000
-10000
-100000 . | | | I | I | | | | -1 -1000
1 6 14 19 2932 37 47 56 79 92
Z

The energy of ns orbitals for the hydrogenic slowly increases when n increases
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CuwGe Rb Ag GCs Au U
0.1 = N T I I I I
. ® '. .."."m. .“.“"“o 55 Z 2 E 0
k% . 25 ., Enim = ———— +-001
* n
-10
5 3
&  -100 2
[4}] =
& g
-1000
-10000
100000 U | L L1 l l | | - -1000
1 6 14 19 2932 37 47 56 79 92
Z

The calculated energies increases much faster with n due to the screening of the core electrons
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CGe Rb Ag GCs Au U
'0-1 | | | | | | | | | |
-1
-10
3 g
% -100 5
i g
-1000
-10000
-100000 “— [ L1 | ! | | - -1000
1 6 14 19 2932 37 47 56 79 92
Z

The energies of the hydrogenic atom are highly degenerate
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Filling is different

Without e-e interaction
Same degeneracy than the H atom
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Multi-electron atom e-e interaction

elements
H C Si K CuwGe Rb Ag GCs Au U
-0.1 I I T I _ I I
-1 -0.01
-10 -0.1
5 J
&  -100 -1 >
[4}] =
& g
-1000 -10
-10000 -100
100000 U | L L1 l l | | - -1000
1 6 14 19 2932 37 47 56 79 92
Z
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Filling is different

Without e-e interaction With e-e interaction
Same degeneracy than the H atom Levels with different [ and same n
have different energy

7
w Nes. 6P 6D 6G
& Ns. e 5G
Nis e g
: 2 o
2S P
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Periodic table of elements

Periodic Table of the Elements

1H 2He
1s 1§
3L 4Be 5B 6C 7N 80O oF 10Ne
He2s He2s® He2522p He2522p2 He2522p3 He2522p4 He2522p5 He2522p6
11Na | 12Mg 13Al 14Si 15P 16S 17ClI 18Ar
Ne3s Ne3s® Ne3523p Ne3523p2 Ne3323p3 Ne3323p4 Ne3523.p5 Ne3sz3p6
19K | 20Ca | 21Sc | 22Ti | 23V | 24Cr | 2sMn | 26Fe | 27Co | 28Ni | 29Cu | 30Zn | 31Ga 32Ge 33AS 34Se 3sBr 36Kr
Ards Ards’ Ar3d'4s’ Ar3d®4s’ Ar3d’4s? Ar3d’4s! Ar3d*4s? Ar3d®4s? Ar3d’4s? Ar3d®4s® | Ar3d™as’ | Ar3d™as® | Ar3d™4as’ap | Ar3d™4s?ap’ | Ar3d™as’ap® | Ar3dV4asapt | Ar3d%4s?4p’ Ar3d*as’ap°®
37Rb | 38Sr | 39Y | 40Zr | 41Nb | 42Mo | 43Tc | 44Ru | 4sRh | 46Pd | 47Ag | 48Cd [ 49ln 50SN 51Sh 52Te 53] 54Xe
Kr5s Kr5s® Krad'5s® Krad’5s* Krad®ss® Krad®5s* Krad®5s® Krad®5s® Krad'ss” Krad®ss® Krad'%ss' | Krad'ss® | Krad'%5s°5p | Krad'ss’sp? | Krad'%5s’5p° | Kr3d'%ss’5p* | Krad'°ss’sp® Krad'%5s°5p°
55Cs | s6Ba | °771 | 72Hf | 73Ta | 74W | 75Re | 760Os | 771r | 78Pt | 79Au | soH 81Tl 82Pb 83Bi 84P0o 85At ssRn
Xebs Xe6s? La-Lu/ xesf*sd6s’ | xear'sd®6s” | Xeaf*sd%s' | Xeaf''5d’6s” | Xeaf*5d°6s | Xeaf*sd’6s” | Xedf5d%6s? | Xeaf*5d™%6s" | Xear 5" 6s” | Xedf 50" %65 6p | Xeaf 50" 65 6p” | Xeaf*5d'%6s%6p® | Xeaf*3d™6s%6p" | Xedf 50" %6s%6p° | Xeaf*5d'%6s%6p°
87Fr | ssRa | 89103
Rn7s Rn7s* AC- I_ r
s7La 58Ce 5P 6oNd | 61Pm | 62Sm 63EU 64Gd 65Th 66Dy 67HoO 68Er | e9Tm | 70YDb 7Lu
Xe5d6s Xedf'6s’ Xeafes’ Xedf'es’ Xedfes’ Xedf’es’ Xeaf'6s’ Xedf'5d6s” Xedf'es® Xeaf'%s® Xedf''es® Xedf?6s® Xedf6s® Xeaf'6s® Xeaf**5d6s’
89AC 90Th 91Pa 92U 93N p 94Pu 9sAm | 96Cm 97Bk 98Cf 99ES 100Fm | 100Md | 102No 103Lr
Rn6d7s” Rn6d’7s* Rn5f6d'7s” Rn5£6d"7s” Rn5f'6d" 75 Rn5£°7s> Rn5f 75 Rn5f 607> Rn5f°7s? Rn5f°75 Rn5f7s% Rn5f27s° Rn5f°75° Rn5f7s> Rn5f6d7s°
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Multi-electron atom e-e interaction

elements
H C Si K CuwGe Rb Ag GCs Au U
-0.1 I I T I I |
-1 -0.01
-10 -0.1
5 J
&  -100 -1 >
[4}] =
& g
-1000 -10
-10000 -100
100000 U | L L1 l l | | - -1000
1 6 14 19 2932 37 47 56 79 92
Z
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Multi-electron atom

e-e interaction (hydrogenic)

elements
H C Si K CuGe Rb Ag Cs Au U
10 I [ [ [ [ [ [ [ [ [ [
- o 3n? —1(l+1)
?‘ —
nlm 7 9
1r- |
S
G 15
0.1 - .
0.01 - |
| | | | | | | | | | |
1 6 14 19 2932 37 47 56 79 92
Z

The mean radius (radial extent) of 1s orbital for the hydrogenic atom decreases when the number of protons Z increases.
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CuGe Rb Ag Cs Au U
I [

10

ap 3n? —I(l+1)
Z 2

< Tpim >=

<> [ag]

0.01 - i

1 6 14 19 29032 37 47 56 79 92

It compares pretty well with the calculated mean radius (radial extent) of the 1s orbital when one includesthe e-e interaction
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CuGe Rb Ag Cs Au U
| |

| I I I | I I | |

10

ap 3n? —I(1+1)
Z 2

< Tpim >=

<r> [ag]

0.01 - ul

| | | | | | | | | |

1 6 14 19 2932 37 47 56 79 92

The mean radius (radial extent) of the ns orbitals for the hydrogenic slowly increases when n increases
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Multi-electron atom e-e interaction (hydrogenic)

elements

<r> [ag]

0.01 - i

1 6 14 19 29032 37 47 56 79 92

The calculated mean radius increases much faster with n due to the screening of the core electrons
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Multi-electron atom e-e interaction (hydrogenic)

elements
H C Si K CuGe Rb Ag Cs Au U
| |

| I | I | I I | |

10

ap 3n? —I(1+1)
Z 2

< Tpim >=

<r> [ag]

0.01 |- S P D F G &
1 ! 1 ! L 1 1 ! ! !

1 6 14 19 2932 37 47 56 79 92

The mean radius of the nls orbitals for the hydrogenic increases when n increases and decreases with [
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Multi-electron atom e-e interaction

elements

<> [ag]

0.01 - S P D F G .

1 6 14 19 29032 37 47 56 79 92

Due to the screening there is less dispersion in the mean radius of the calculated atoms.
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Aout 2024

Orthogonality (for tomorrow ... )

oaf 2P

0 A L A A A A

0 2 4 6 10

8 12
-2 r (slomic units)
Fro. 7-2. Radial wave funotions P(r) for hydrogen,

The figure shows the radial par of the wfc for the H atom but the
remarks below are valid for any atom

* Two atomic wavefunctions are orthogonal

/ / Spnlm(Ta Q) Pn’l'm’ (Ty Q) ?“2 dr df) = 5nn’ 5ll’ 5mm’
0 Q

* For different [ the angular part does the job. The radial part are
not orthogonal. See for example :
1S vs 3D
1S vs 2P

* Only the radial functions for the same [ are orthogonal.
o
/ R (1) Ru(7) m2dr = Sy
0

See for example :
1S vs 2S5 or 3S
2S vs 2P
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Bonding : toy model

s — For the isolated atoms (one orbital, one electron)
pa(T) pB(T) 02
. L4 va@)| pa) = a9
A B
2
s\ /. Ve L+ Va@)| on) = b oa(n)
€B
For the molecule We search
2
2 VA + Va(P)| () = & () V(1) = ca pall) + e @5(7)

We replace the wavefunction in the Schrodinger equation, multiply by 902 (77) and integrate

CA[ |¢A(f)|2{p—m+VA(F)}d3r+/|¢A A2 Vg d%} +c3/¢;(f) Hap og(7) dr ze{cA/|g0A(F)|2d3r—|—cB

t 1

hopping normalization

atomic energy overlap
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Bonding : toy model
(i‘f t ) <CA) = (CA) £1y = 8‘4;’53 + %\/(€A—|—€B)2 T 412

€RB CB CB
EA —ERB EA >> ERB
: . v2(7) charge transfer 2 ()
antibonding A B antibonding A
t2
82:€A+|t| €9 = €4 +
A — EA—ER
€A €A
/ t* L+ “p
€1 =¢a — [t] 81:8B_8A—SB v |
Y1 (7)
bonding /\/\ charge tr.ansfer P1(7)
A B bonding A B
Covalent bond lonic bond
Formal charges Formal charges
AO BO A+1 B-l

Aout 2024 Ecole Modmat - Banyuls 32



Bonding : toy model

EA —€ERB EA >> ERB
, B t? charge transfer
bonding g1 =¢ca — |t] L S, bonding
Ae, =2¢e1—2¢€4 ANe, =2¢e1 —c4 —€R
2 t2
:—2’t‘<0 :—(EA—EB) 1+E <0

This term represents only the attractive part of the interaction

=

S,

S

(]

(0

Ae,
Covalent bond R [a/u] lonic bond
Formal charges Formal charges
AO BO A+1 B-l
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Alkali metals : ns?

Periodic Table of the Elements

1H 2He
1s 1§
3L 4Be 5B 6C 7N 80O oF 10Ne
He2s He2s® He2522p He2522p2 He2522p3 He2522p4 He2522p5 He2522p6
11Na | 12Mg 13Al 14Si 15P 16S 17ClI 18Ar
Ne3s Ne3s® Ne3523p Ne3523p2 Ne3323p3 Ne3323p4 Ne3523.p5 Ne3sz3p6
19K | 20Ca | 21Sc | 22Ti | 23V | 24Cr | 2sMn | 26Fe | 27Co | 28Ni | 29Cu | 30Zn | 31Ga 32Ge 33AS 34Se 3sBr 36Kr
Ards Ards’ Ar3d'4s’ Ar3d®4s’ Ar3d’4s? Ar3d’4s! Ar3d*4s? Ar3d®4s? Ar3d’4s? Ar3d®4s® | Ar3d™as’ | Ar3d™as® | Ar3d™4as’ap | Ar3d™4s?ap’ | Ar3d™as’ap® | Ar3dV4asapt | Ar3d%4s?4p’ Ar3d*as’ap°®
37Rb | 38Sr | 39Y | 40Zr | 41Nb | 42Mo | 43Tc | 44Ru | 4sRh | 46Pd | 47Ag | 48Cd [ 49ln 50SN 51Sh 52Te 53] 54Xe
Kr5s Kr5s® Krad'5s® Krad’5s* Krad®ss® Krad®5s* Krad®5s® Krad®5s® Krad'ss” Krad®ss® Krad'%ss' | Krad'ss® | Krad'%5s°5p | Krad'ss’sp? | Krad'%5s’5p° | Kr3d'%ss’5p* | Krad'°ss’sp® Krad'%5s°5p°
55Cs | s6Ba | °771 | 72Hf | 73Ta | 74W | 75Re | 76Os | 771r | 8Pt | 79Au | soH 81Tl 82Pb 83Bi 84P0o 85At ssRn
Xebs Xe6s? La-Lu/ xesf*sd6s’ | xear'sd®6s” | Xeaf*sd%s' | Xeaf''5d’6s” | Xeaf*5d°6s | Xeaf*sd’6s” | Xedf5d%6s? | Xeaf*5d™%6s" | Xear 5" 6s” | Xedf 50" %65 6p | Xeaf 50" 65 6p” | Xeaf*5d'%6s%6p® | Xeaf*3d™6s%6p" | Xedf 50" %6s%6p° | Xeaf*5d'%6s%6p°
87Fr | ssRa | 89103
Rn7s Rn7s* AC- I_ r
s7La 58Ce 5P 6oNd | 61Pm | 62Sm 63EU 64Gd 65Th 66Dy 67HoO 68Er | e9Tm | 70YDb 7Lu
Xe5d6s Xedf'6s’ Xeafes’ Xedf'es’ Xedfes’ Xedf’es’ Xeaf'6s’ Xedf'5d6s” Xedf'es® Xeaf'%s® Xedf''es® Xedf?6s® Xedf6s® Xeaf'6s® Xeaf**5d6s’
89AC 90Th 91Pa 92U 93N p 94Pu 9sAm | 96Cm 97Bk 98Cf 99ES 100Fm | 100Md | 102No 103Lr
Rn6d7s” Rn6d’7s* Rn5f6d'7s” Rn5£6d"7s” Rn5f'6d" 75 Rn5£°7s> Rn5f 75 Rn5f 607> Rn5f°7s? Rn5f°75 Rn5f7s% Rn5f27s° Rn5f°75° Rn5f7s> Rn5f6d7s°
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Energy of the last orbital of the alkali metals :

Energy [Ry]
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Halogens : ns? np

Periodic Table of the Elements

1H 2He
1s 1§
3L 4Be 5B 6C 7N 80O oF 10Ne
He2s He2s® He2522p He2522p2 He2522p3 He2522p4 HeZs‘.ZZp5 He2522p6
11Na | 12Mg 13Al 14Si 15P 16S 17ClI 18Ar
Ne3s Ne3s® Ne3523p Ne3523p2 Ne3323p3 Ne3323p4 Ne3523p5 Ne3sz3p6
19K | 20Ca | 21Sc | 22Ti | 23V | 24Cr | 2sMn | 26Fe | 27Co | 28Ni | 29Cu | 30Zn | 31Ga 32Ge 33AS 34Se 3sBr 36Kr
Ards Ards’ Ar3d'4s’ Ar3d®4s’ Ar3d’4s? Ar3d’4s! Ar3d*4s? Ar3d®4s? Ar3d’4s? Ar3d®4s® | Ar3d™as’ | Ar3d™as® | Ar3d™4as’ap | Ar3d™4s?ap’ | Ar3d™as’ap® | Ar3dV4sapt | Ar3d'%4s’4p’ Ar3d*as’ap°®
37Rb | 38Sr | 39Y | 40Zr | 41Nb | 42Mo | 43Tc | 44Ru | 4sRh | 46Pd | 47Ag | 48Cd [ 49ln 50SN 51Sh 52Te 53] 54Xe
Kr5s Kr5s® Krad'5s® Krad’5s* Krad®ss® Krad®5s* Krad®5s® Krad®5s® Krad'ss” Krad®ss® Krad'ss' | Krad'ss® | Krad'%5s°5p | Krad'ss’sp? | Krad'%5s’5p° | Kr3d'%5s’5p* | Krdd'%ss’5p’ Krad'%5s°5p°
55Cs | s6Ba | °771 | 72Hf | 73Ta | 74W | 75Re | 760Os | 771r | 78Pt | 79Au | soH 81Tl 82Pb 83Bi 84P0o 85At ssRn
Xebs Xe6s? La-Lu/ xesf*sd6s’ | xear'sd’6s” | Xeaf*sd%s' | Xeaf''5d’6s” | Xeaf*5d°6s | Xeaf*sd’6s” | Xedf5d%6s? | Xeaf*5d™%6s" | Xear 5" 6s” | Xedf" 50" %65 6p | Xeaf 5065 6p” | Xeaf*5d'%6s%6p® | Xeaf*3d™6s%6p | Xedf5d™%6s’6p° | Xeaf*5d'%6s%6p°
87Fr | ssRa | 89103
Rn7s Rn7s* AC- I_ r
s7La 58Ce 5P 6oNd | 61Pm | 62Sm 63EU 64Gd 65Th 66Dy 67HoO 68Er | e9Tm | 70YDb 7Lu
Xe5d6s Xedf'6s’ Xeafes’ Xedf'es’ Xedfes’ Xedf’es’ Xeaf'6s’ Xedf'5d6s” Xedf'es® Xeaf'%s® Xedf''es® Xedf?6s® Xedf6s® Xeaf'6s® Xeaf**5d6s’
89AC 90Th 91Pa 92U 93N p 94Pu 9sAm | 96Cm 97Bk 98Cf 99ES 100Fm | 100Md | 102No 103Lr
Rn6d7s” Rn6d’7s* Rn5f6d'7s” Rn5£6d"7s” Rn5f'6d" 75 Rn5£°7s> Rn5f 75 Rn5f 607> Rn5f°7s? Rn5f°75 Rn5f7s% Rn5f27s° Rn5f°75° Rn5f7s> Rn5f6d7s°
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Energy of the last orbital of the halogens : ns? np?

Energy [Ry]
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Energy of the last orbital of the halogens : ns? np?

elements

EA >>ERB

Aout 2024

Alkali metals
Lithium | Sodium | Potassium | Rubidium | Caesium
Fluorine | LiF (3.0) | NaF (3.1) | KF(3.2) | RbF (3.2) | CsF (3.3)
£ | Chiorine | LiCI (2.0) | NaCl (2.1) | KCI(2.2) | RbCl (22) | CsCl (2.3)
g Bromine | LiBr (1.8) | NaBr (1.9) | KBr(2.0) | RbBr (2.0) | CsBr (2.1)
lodine | Lil(1.5) | Nal(1.6) | Ki(1.7) | Rbl(1.7) | Csl(1.8)

Lithium fluoride, .. chloride, .. bromide, .. iodide
Sodium fluoride, .. chloride, .. bromide, .. iodide

Ecole Modmat - Banyuls

-0.01

-0.1

Highly ionic compounds

High melting temperature
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Charge transfer in silicon carbide SiC

elements

C: [He] 2s? 2p?

Si: [Ne] 3s? 3p? -0.1
EA > ER 1 -0.01
-10 -0.1
5 3
,m, j -
i &
-1000 -10
-10000 -100
-100000 4 -1000

6 14
Y4

lono-covalent bond with a small charge transfer from Sito C
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Charge transfer in silicon carbide SiC
New Journal of Physics

An Institute of Physics and Deutsche Physikalische Gesellschaft Journal

Electronic structure and charge transfer in 3C-
and 4H-SiC

G L Zhao and D Bagayoko

Department of Physics, Southern University and A & M College, Baton Rouge,
Louisiana 70813, USA

E-mail: zhao@grant.phys.subr.edu and bagayoko@grant . phys.subr.edu

New Journal of Physics 2 (2000) 16.1-16.12 (http://www.njp.org/)
Received 13 January 2000; online 18 July 2000

Abstract. We utilized a local density functional potential, the linear
combination of atomic orbital (LCAQO) method, and the BZW procedure to study
the electronic structure of 3C- and 4H-SiC. We present the calculated energy
bands, band-gaps, effective masses of n-type carriers, and critical point transition
energies. There 1s good agreement between the calculated electronic properties
and experimental results. Our preliminary total energy calculations for 3C-SiC
found an equilibrium lattice constant of @ = 4.35 A, which is in agreement with
he experimentally measured value of 4.348 A. The calculated charge transfers
indicate that each silicon atom loses about 1.4 electrons that are gained by a
carbon atom in both 3C- an iC.o 40
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Charge transfer in boron nitrode BN

elements

B:[He] 252 2p?

N: [He] 2s2 3p3 -0.1
EA > ER 1 -0.01
-10 -0.1
z 3
,m, j -
& g
-1000 -10
-10000 -100
-100000 1 -1000

57
Y4

lono-covalent bond with a small charge transfer from Bto N
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Zarzuela
Se trata de un estofado a base de pescado y marisco con su picada. El pescado que se sirve es el de
temporada.
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Electronic structure of condensed atomic systems

(molecules, solids, crystals, ...)
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Condensed atomic systems

Formed by
nuclei Ry My Pr Z;e >< >< there are M
positions mass moment charge spin quadrupole
The total Hamiltonian
2 2 2
p? 7 e 1 e 1 i Ly e
firor= Y2 + Yt - S A IS e 1 Sy B
kinetic kinetic Coulomb Coulomb Coulomb
electrons nuclei nuclei-electron electron-electron nuclei-nuclei

We need to solve the full non relativistic time independent Schrodinger equation

HTOT (I)a) =k (I)(Rb'°°7RM77710-17"'777N0-N)
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Approximations

Example | : one nuclei + one electron H atom analytical solution
Example Il : one nuclei + two electrons He atom no solution
Example Il : two nuclei + two electrons H, molecule no solution

First approximation : Born-Oppenheimer

Proton mass 038 MeV = M. c?
p Mp
) — 2 ~ 1758
Electronmass 0.5 MeV = mc m
2
PI : :
We neglect Z the nuclei are fixed for the electrons
- 2M 1
1 Z] ZJ 62
and P is a constant

2 I#J R — Ryl
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Approximations

The system is now formed only by the electrons, the nuclei are “external”, they produce an "external potential”.

The electronic Hamiltonian is

Z[ 62
Helec — § § —
|Tz RI|
kinetic Coulomb Coulomb
electrons electron-electron nuclei-electron
™~ TV - ™~ WV - TV
— T + ‘/ee + § ‘/ext (Tz

We can separate the nuclear and the electronic wavefunctions

(I)(R17°"7RM7F1017°°°7FN0N) :@(R177RM) \Ij(Flo-la'”)FNO-N)

The electronic wavefunction is antisymmetric

!

\11(7710'1, ..,..,, .oy FNO'N) — —\P(Fl()'l, ..,, .., cos FNO'N)
! 1

Aout 2024 Ecole Modmat - Banyuls 46




Approximations

H Z] 62
elec — =
|Tz Ry
Independent electrons. - yes no no
One electron problem nearly free electrons yes no weak
One electron approximation tight-binding ves . strong

Wavefunction methods

Correlated electrons Hartree - Hartree-Fock — ClI - etc yes yes yes
Many-body problem Density Functional Theory yes yes yes
Quantum Monte Carlo methods yes yes yes
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Libertad e independencia son dos cosas diferentes !!

e

s . EACTRR
Ly A

Libertad

900 - 800 §

Comuna 1

Aout 2024 Ecole Modmat - Banyuls



Approximations
Z] 62
Helec— ZZ R» |
I

7% —

Independent electrons. - yes no -
One electron problem nearly free electrons yes no weak
One electron approximation tight-binding ves no strong

Wavefunction methods

Correlated electrons Hartree - Hartree-Fock — ClI - etc yes yes yes
Many-body problem Density Functional Theory yes yes yes
Quantum Monte Carlo methods yes yes yes
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Independent and one electron problem

Why the case V.. = 0 is a “one electron problem” ?

Because the many-body anti-symmetric wavefunction can be written as a determinant
of one electron wavefunctions

(101 (fro1)  Y1(fao2) ... Pi(Fno )\
. 7i101 ¢2( 2) ... %(fé N) N
\11(7710'1,7720'2, ..,FNO'N) = \/ﬁ det ¢3(7° 1) ¢3( . ) . ¢3(T ) — \/% Z ¢1(7710'1) ¢2(7?20-2) c. ¢N('FNO'N)}

\¢N(F101) ¢N(7.?202) ¢N(77.NUN))

permutations

Every ;(7o) satisfies the same one electron Schrédinger equation

“one electron problem” / N
i=1

Aout 2024 Ecole Modmat - Banyuls 50
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Independent and one electron problem

If the “external” potential is periodic

‘/;:xt(F) — ‘/ext(F+ élmn) ﬁlmn = C_i‘|‘ m E—F nc
The one-electron wave-function can be written as
p2
om + Vext (7) %;;(7“0) = En;;(a) %g(m)

The wavefunction is “almost” periodic in real space, Bloch functions :

), 2 (F+ Rinno) = e Hmn 4 (7g) b, (o) = e* Ty (7o)

_ AN

A phase Periodic in real space

Periodic in reciprocal space : u, 7 (7 + Rimno) = un,;('m)
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Band structure is a “one-electron” picture

Cu fcc

3d194s!

11 electrons
5 full bands
1 half filled

Aout 2024

Energy (eV)

6.0
50 /
4,0

0.0

\/

\
]

W L A T

Ecole Modmat - Banyuls

A

XZW K

The energies of a band structure
are one electron energies.

There is always a determinant
behind a band structure plot ....

Band structure plots from DFT ...?
Will see!
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Tight-binding
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Tight-binding method

An electronic structure method that makes an hypothesis on the spatial dependence of the one electron
wavefunction. Generalization of the “toy model”.

1) Two atoms, one orbital per site

For the isolated atoms (one orbital, one electron)

pa(T) pp(T) - 9 -
| /\ 2p—m + VB(7)| ¢a(r) =ea pa(r)
i\ . Ve 24 Vi) 08 =5 0n(7
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Tight-binding method

An electronic structure method that makes an hypothesis on the spatial dependence of the one electron
wavefunction. Generalization of the “toy model”.

1) Many atoms, one orbital per site The Schrodinger equation for the “system”

o Y] v == v

The “system”

a large molecule

e |

(]
® Where the wavefunction is a linear combination of the atomic wavefunctions

W(F) =) cilgil®
Schrodinger equation for the isolated ’

atoms (one orbital, neglect spin) Replace the wavefunction in the Schrédinger equation
p2
N N TR DIETICEL) 3R
o V)] w7 = <5 @il j :

Multiply by 90;; (77) and integrate.

Aout 2024 Ecole Modmat - Banyuls 55



Aout 2024

Tight-binding method

2

P
x> | P
@@ 2 Vi) G
m
Atomic energy gr on-site energy qy\
k
3 P’ )
(@D Vi @@ |+ > of (@D [ 1+ fa)] i)
ik £k
Crystal field : correction to the on-site Hooping terms i i
A&“k tkj ‘ J{ \
% [ = — % [ = — Vi
— = [o [ @0 @) @+ Y cf [ @i 67 \
JFk
Normalization Overlap
Uno Skj
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Tight-binding method

The one-electron energies and wavefunctions are obtained solving a generalized eigen-vector problem

€1 + Aé‘l tlg t13 ce th C1 1 512 513 ce SlN (61
( t21 €9 + AEQ t23 ce t2N \ (CQ \ 521 1 S23 c. S2N\ 62\
t31 t32 €3 + AEQ NN t3N C3 — ¢ 531 532 1 e S3N C3
\ t];rl t]\./'Q t]\.[3 €N—|—A81N) \CN) KSNl SN2 SN3 1 ) KCN)

The parameters can be calculated from atomic data or
parametrized to fit experimental or calculated electronic structure data

A minimal tight-binding model usually neglects the crystal field correction and the overlap

(51 tiz  tiz ... th\ (61\ (61\
Co C2

t21 E9 t23 t2N
t31  t32 €3 ... 13N 3 | =¢ | C3

\tj;l £ no t];g . en) \cN) \cN)
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Tight-binding method for crystal systems

For a periodic system, the Hamiltonian has the potential of all the atoms in all the unit cells

‘o (LSS Vil Ru)] 4(5) = & 69

)
o o \
A A unit cells the atoms in one unit cell
o
and we write the wavefunction as linear combination of all the orbitals of all the atoms in all the unit cells:
[ | [ |

S‘S‘S‘ Cix,; len) Pi; ( len)
Imn 1 X
/ T Z
the orbitals on atom

unit cells the atoms in one unit cell

To make the one-electron wavefunction compatible with Bloch,
the coefficients in one cell, have a phase, with respect to the coefficients in another.

cix, (Rimn) = e F-Fimn ¢y
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Tight-binding method for crystal systems

The wavefunction becomes

Z GZk len Z Z 907)\ (F_ élmn)

Imn

As before, we replace the system wavefunction in the Schrodinger equation, multiply by 907;)\1.3 (77) and integrate, to get :

Sl e [, () H) g, (7 Fan) = &, 2,

Let's simplify, one orbital per site, no crystal field :

k ik.Rypm > nk ik. Ry > nk
ELT+ E e ! tkk(len) + E C; E e ! tki<len) = €,7 Ck

Imn=#000 1#£k Imn
Diagonal elements of the eigenvalue problem. Off-diagonal elements of the eigenvalue problem.
Atomic energy or on-site energy €k and the hopping with Hoppings with the other atoms in the same cell {Imn = 000}
the same atom in the neighboring cells {{mn # 000} and the neighboring cells{/mn % 000}
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Tight-binding method for crystal systems

Eigenvalue problem of size Norb the total number of orbitals in the unit cell.

Norb — Z Norb (04)

o = atoms in unit cell

Every atom in the unit cell can contribute with a different number of orbitals

Sy Px, py7 Dz, dz27 dwyp dwza dyz, de_yz
— - ~ -~ —— _
1 3 5

- -
—~—

4

Ecole Modmat - Banyuls
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Tight-binding method for crystal systems

Fill the tight-binding matrix in three easy steps !!
T]ght—b'\nd.\ng

LES NULS 1. Fill the diagonal elements with the on-site energies €k
2. Complete the diagonal elements with the hoppings Tk k between the same orbitals of the same

atoms in different unit cells. Multiply each term by the phase e’ ik Ripmn

3. Fill the off-diagonal elements with the hoppings _kal, between different orbitals of the same atom or

tk.Rimn
different atoms. Multiply each term by the phase € l

1D chain atoms per cell : one orbitalat1: s hoppings : first neighbors Norb =1
@ ® ® ® ® ® ® o L 3
+—>

J—> tl a v
(k) = g4 + ts €= 4t e et =g, + 2 t, coskza

N h<o TN,

) eF

\F etz v 1 If 1 e persite
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Tight-binding method for crystal systems

1D chain atoms per cell : one orbitalat1: S hoppings : third neighbors Norb —

—@ @ ® ® @ ® ® ® o
ts - — 4 a L»x

5(/2) = e, + 2ty cos k,a + 2ty cos 2k.a + 2ts cos 3k,a

1D chain atoms per cell : two orbitalat1: s at2: Px Py Pz hoppings : first neighbors Norb =4
Yy
@ o @ o @ o @ o @ o @ o @ ‘
< > xr
| a
p tspgc (1 — ekaa) Ep 0 0
Bs /\ O O E:p O
\ 0 0 0 &)
T r T
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Tight-binding method for crystal systems

1D chain atoms per cell : two orbitalat1: 8 at2: Px Py Pz hoppings : first neighbors Norb =
|
Y Y ‘
I AN
o) o) ‘/+ x‘/ ° o)
@ () @ @ @
« p >
1 __e—dkma) t (1 __e—dkya) t (1 __e—dkza)
t () €s ) tspw( SPy Spz
SPx % tspw(l _ ez'kma) Ep 0 0
) tsp, (1 — e%kza) 0 Ep
tspy 7é 0 > tep, (1 — eth=a) 0 0 Ep
tspz 7é 0 ) If we rotate the P orbitals, only tspm, 7& O and tspy, — () tspz/ — ()
M — The only non zero hopping is called tspw/ — tspa and all the hoppings can be calculated from it
. B s tep, (1 —e =) mty, (1+e %) nty, (1—e )
tspw i COS a tspo_ — 3 l tspo_ l tspo_(]. . eikjma) gp 0 O
tk,a
ts, = cosf te, =mt m tsp, (1+e"7) 0 Ep
SPy B SPo SPo - tspa(l _ ezkma)g 0 0 Ep

lsp, = COSY lsp, =N lgp,
Aout 2024
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Slater and Koster

PHYSICAL REVIEW VOLUME 94, NUMBER 6 - JUNE 15, 1954

Simplified LCAO Method for the Periodic Potential Problem*

J. C. Stater ano G. F. Kosterf
Massachusetts Institute of Technology, Cambridge, Massachuselts

(Received February 17, 1954)
TanLe 1. Energy integrals for crystal in terms of two-center integrals,

E.. (330)

E, . H(spa)

E..: Pppo)4(1—F)(ppx)

E.y Im(ppa)—Im(ppx)

E.. In(ppo) —in(ppx)

p R V3im(sde)

E it W3 (P —m*)(sda)

E, s [t § (Pd-m®) J(sde)

E. .y V3P (pda)-+m(1—27) (pdx)

Eevs V3inn (pda) —2lmn (pdw)

E; o \GFB(PJ‘)'*'”“ — 2 (pdx)

E. oty P3UP —m*) (pda) +1(1—P+-m?) (pdx)

Ey eyt 1W3m (P~ m?) (pda) —m (148~ m?) (pdx)

Bty Wan (B—m®) (pda) —n (B —m?) (pdx)

Eyatas 10— 4 (P+m®) | (pda) —V3In?(pdw)

Ey st mn*—3(P4-m?*) J(pdo) —VImn* (pdx)

Bt n[nt—§ (P+m?) 1(pda) +V3n(F4-m®) (pd=)

Eoyay 3Pm2(ddo)+ (P+m?—4Pm®) (ddx) -+ (n-fPm?) (dd8)

p - - 3im®n(dda)+in (1 —4n®) (ddw) 4 In (m*—1) (dds)

Byix 3Bmn(dde)+mn (1 —4) (ddx) 4+ mn (P —1) (dd5)

Eeyaty? $m (P—m?) (dda)+20m (m*~ 1) (ddw )+ $lm (P —m®) (dds)

Eyeaty? dnmuns (F—m?) (dda) —mn[14-2(F—m?) J(ddw)+-mn[ 14§ (P —m?) ) (dd3)
Eye syt Inl(P—m®) (ddo)+ni{1—2(P—m?) ) (ddx) —ni[1—3 (P ~m?*) ](dds)

Eey 3 s V3im[n? —~ § (P4-m*) ] (ddeo) — 2V3Imn? (dd=) + }V3Inm (14-n*) (dd3)
Eyuatr V3mn[0® — 3 (P m®) ] (dde) +V3mn (P+4-m?—n?) (ddx) — V3 (P-+m®) (dd3)
Ep st o V3In[ w2 —§ (B m?) ) (dde) +-V3in (P+m?—n?) (ddw) — 3V3in (P4 m®) (dds)
Eys g2t 1@ —m?(dda) - [P+m®— (B —m*)*](ddw) 4 [+ 1 (B —m?)* ) (dd3)
Ep ot P3P —m?) [0 — 3 (P+m) ] (ddo) +V3n2 (m? — ) (dd=) + }V3 (1 4-n2) (I* —m?) (dd&)
Est st [ — ¥ (P4-m*) P (dde) 4302 (P+m?) (ddw) -+ (P+-m?)*(dd3)
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Slater and Koster

TABLE I. Energy integrals for crystal in terms of two-center integrals.

y T (sso) lsso
E, 2 l(spo) tspa
E:,. B(ppa)+ (1—2)(ppr)
E:y Im(ppo) —Iim(ppm) tppa tppﬂ
E,,. In(ppo) —In(ppm)
Eisy V3im (sdo)
Eq 2ty W3 (2—m?) (sdo) tsdo
Eq 352 [72— 3 (I*+m?) ] (sdo)
Kz 2y V3Pm (pda)+m(1—2P) (pd~)
Lo us V3lmn (pdo) — 2lmn (pdwr)
y - V3Pn(pdo)+n(1—202) (pdx)
Er 2ty V3L —m?) (pdo) +1(1—P+m?) (pdw)
Ey, 22y $VIm (B—m?) (pda) —m (1+F—m?) (pdr) lpdo Tpdr
E, 22y 3V3n(P—m?) (pda) —n(1*—m?) (pdx)
E. 3.2 s I[n?—3(P4+m?) ] (pdo) —V3In?(pdw)
E, 3.2, m[n®—3% (P+m?) | (pdo) —V3mn?(pdx)
Epst AL (B ) 1(pdo) +VEn (P-m?) (pdn) )




Slater and Koster

TABLE I. Energy integrals for crystal in terms of two-center integrals.

Ez:_yz’ 22yt
Ez:_ya' 3s2 2

Ea:’—r’. 372

3Pm?(dda)+ (P+m?—4Pm?) (ddx) + (n*+4-Pm?) (dds)
3im®n(ddo)+In(1 —4m?) (ddw)+In(m*—1) (dds)
3P2mn(ddo)+mn (1 —42) (ddw)+mn(2—1) (dds)
3lm (B—m?) (ddo) -+ 2lm (m? —I?) (ddw)+ 3lm (12 —m?) (dds)

Imn (2—m?) (ddo) —mn[ 142 (B—m?) ] (ddx)+ mn[ 14} (P—m?) ] (dd5)
dnl(P—m?) (ddo)+nl[1—2(P—m?) J(ddn) —ni[1—% (I*—m?*)](dds)

V3im[n®—§ (P4 m?) | (ddo) — 2V3imn2 (ddx) + 3V3im (14n?) (dds)

V3mn[n?— 3 (12+4m?) 1(ddo) +V3mn (P+m2—n?) (ddw) — 3V3mn (I2+m?) (dds)
V3in[n?—% (I2+m?) 1(ddo) +V3in (P4 m?—n?) (ddw) — 3V3in (P4 m?) (dds)

1 (P—m*)(ddo)+[P+m?— (P—m?)*](ddw)+ [n*+} (P—m?)*](dd?)

W3 (B —m*) [n*—3 (P+m?) ](ddo) +V3n? (m? — ) (ddw) +1V3 (14n?) (B—m?) (dds)
[7*—3 (P+m?) P (ddo) +3n? (P+m?) (ddw) + (P+m?)*(dds)

tddo Tddr tdds
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Tight-binding : good for localized and directional orbitals

Periodic Table of the Elements

1H 2He
1s 1§
3L 4Be 5B 6C 7N 80O oF 10Ne
He2s He2s® He2522p HeZSZsz He2522p3 H32522p4 He2522p5 He2522p6
11Na | 12Mg 13Al 14Si 15P 16S 17ClI 18Ar
Ne3s Ne3s® Ne3523p Ne:3523p2 Ne3sz3p3 Ne3523p4 Ne3323p5 Ne3523p6
19K | 20Ca | 21Sc | 22Ti | 23V | 24Cr | 2sMn | 26Fe | 27Co | 28Ni | 29Cu | 30Zn | 31Ga 32Ge 33AS 34Se 3sBr 36Kr
Ards Ards’ Ar3d'4s® Ar3d’4s® Ar3d’4s? Ar3d’4s! Ar3d’4s? Ar3d®4s Ar3d’4s? Ar3d®4s® | Ar3das’ | Ar3d™as® | Ar3das’ap | Ar3d%4s’ap’ | Ar3das’ap’ | Ar3d4sapt | Ar3d%4s?4p’ Ar3d*as’ap°®
37Rb | 38Sr | 39Y | 40Zr | 41Nb | 42Mo | 43Tc | 4Ru | 4sRh | 46Pd | 47Ag | 46Cd | 49ln 50SN 51Sb 52Te 53] 54Xe
Kr5s Kr5s® Krad'5s® Krad’5s* Krad®ss® Krad®5s* Kr4d’5s® Kr4d®5s” Krad'ss” Krad®ss® Krad'%s' | Krad'ss® | Krad'%5s°5p | Krad'%ss’sp? | Krad'%5s5p° | Kr3d'%5s’5p* | Krad'°ss’sp® Krad'%5s°5p°
55Cs | s6Ba | °771 | 2Hf | 73Ta | 74W | 75Re | 76Os | 771r | 8Pt | 79Au | soH 81Tl 82Pb 83Bi 84P0o 85At ssRn
Xebs Xe6s? La-L U/ xeaf*sd’6s’ | xear''sd’6s” | Xeaf“*5d%s' | Xeaf''5d%6s” | Xeaf*5d°6s | Xeaf*sd’6s” | Xedf5d%6s? | Xeaf*5d'%s" | Xear'5d""6s” | Xedf" 50" 65 6p | Xeaf 5065 6p” | Xeaf*5d'%6s%6p® | Xeaf*3d™6s%6p" | Xedf 50" %6s%6p° | Xeaf*5d'%6s%6p°
87Fr | ssRa | 89103
Rn7s Rn7s’ AC- I_ r
s7La s8Ce s9Pr soNd 61Pm | e2Sm 63EU 64Gd 65Th e6Dy 67HO 68Er eoTm | 70Yb 71lu
Xe5d6s Xedf'6s’ Xeafes’ Xedf'es’ Xedfes’ Xedf’es’ Xeaf'6s’ Xedf'5d6s” Xedf'es® Xeaf'%s® Xedf''es® Xedf?6s® Xedf6s® Xeaf'6s® Xeaf**5d6s’
89/AC 90Th 91Pa 92U 93Np 94PuU 9sAm | 96Cm 97Bk 98Cf 99ES 100Fm | 100Md | 102No 103Lr
RN6d7s’ Rn6d°7s® Rn5f6d'7s” Rn5f6d'7s” Rn5f'6d' 75 Rn51°7s Rn5f 75> Rn5f'6d7s> Rn5f7s> Rn5f'°7s Rn5f'17s? Rn5f'27s? Rn5f7s Rn5f**7s Rn5f*6d7s”
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Why some materials have an electronic gap
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Cu fcc

3d194s!

11 electrons
5 full bands
1 half filled
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Why some materials are semiconductors ?

Periodic Table of the Elements

1H 2He
1s I I I IV V 152
3L 4Be 5B 6C 7N 80O oF 10Ne
He2s He2s® He2522p HeZSZsz He2522p3 He2522p4 He2522p5 He2522p6
11Na | 12Mg 13Al 14Si 15P 16S 17ClI 18Ar
Ne3s Ne3s® Ne3523p Ne:3523p2 Ne3523p3 Ne3323p4 Ne3523p5 Ne3523p6
19K | 20Ca | 21Sc | 22Ti | 23V | 24Cr | 2sMn | 26Fe | 27Co | 28Ni | 29Cu | 30Zn | 31Ga 32Ge 33AS 34Se 3sBr 36Kr
Ards Ards’ Ar3d'4s’ Ar3d®4s’ Ar3d’4s? Ar3d’4s! Ar3d*4s? Ar3d®4s? Ar3d’4s? Ar3d®4s® | Ar3d™as’ | Ar3d™as® | Ar3das’ap | Ar3d4s’ap® | Ar3das’ap’ | Ar3d4asapt | Ar3d%4s?4p’ Ar3d*as’ap°®
37Rb | 38Sr | 39Y | 40Zr | 41Nb | 42Mo | 43Tc | 44Ru | 4sRh | 46Pd | 47Ag | 48Cd | 49ln 50SN 51Sb 52Te 53] 54Xe
Kr5s Kr5s® Krad'5s® Krad’5s* Krad®ss® Krad®5s* Krad®5s® Krad®5s® Krad'ss” Krad®ss® Krad'ss' | Krad'ss® | Krad'%5s°5p | Krad'ss’sp? | Krad'%s5p° | Kr3d'%ss’5p* | Krad'°ss’sp® Krad'%5s°5p°
55Cs | s6Ba | °771 | 72Hf | 73Ta | 74W | 75Re | 760Os | 771r | 78Pt | 79Au | soH 81Tl 82Pb 83Bi 84P0o 85At ssRn
Xebs Xe6s? La-Lu/ xesf*sd6s’ | xear'sd®6s” | Xeaf*sd%s' | Xeaf''5d’6s” | Xeaf*5d°6s | Xeaf*sd’6s” | Xedf5d%6s? | Xeaf*5d™%6s" | Xear 5" 6s” | Xedf 50" %65 6p | Xeaf 50" 65 6p” | Xeaf*5d'%6s%6p® | Xeaf*3d™6s%6p" | Xedf 50" %6s%6p° | Xeaf*5d'%6s%6p°
87Fr | ssRa | 89103
Rn7s Rn7s* AC- I_ r
s7La 58Ce 5P 6oNd | 61Pm | 62Sm 63EU 64Gd 65Th 66Dy 67HoO 68Er | e9Tm | 70YDb 7Lu
Xe5d6s Xedf'6s’ Xeafes’ Xedf'es’ Xedfes’ Xedf’es’ Xeaf'6s’ Xedf'5d6s” Xedf'es® Xeaf'%s® Xedf''es® Xedf?6s® Xedf6s® Xeaf'6s® Xeaf**5d6s’
89AC 90Th 91Pa 92U 93N p 94Pu 9sAm | 96Cm 97Bk 98Cf 99ES 100Fm | 100Md | 102No 103Lr
Rn6d7s” Rn6d’7s* Rn5f6d'7s” Rn5£6d"7s” Rn5f'6d" 75 Rn5£°7s> Rn5f 75 Rn5f 607> Rn5f°7s? Rn5f°75 Rn5f7s% Rn5f27s° Rn5f°75° Rn5f7s> Rn5f6d7s°
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Semiconductors with tetrahedrally coordinated structures
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Group IV Group l11-V 5 2,5} o AlP .
G, Si, Ge Bo P amn —direct
» 2 GaP, GaAs, GaSb L are--- AlAs cadiveot
Two atoms p(;r un2it cell Two atoms per unit cell 2 2,0} .
2 X ns“np n1s°nipt nas nap’ § i s
m ol GaAs
(=¥ Si
= __Fa
o 1,0F
. . . . . . v
A minimum tight-binding needs 8 orbitals S 0,5}
M InSb
Let’s explain the idea first with a 1D model 0,0

54 5.6 5.8 60 62 64 6.6
Lattice Constant (A)

Fig.1. Band gap versus lattice constant for different III-V materials
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Why some materials are semiconductors ? Toy model.

1D chain atoms per cell : one orbitals: S Py Py Dz hoppings : first neighbors Ny, = 4
Y
o ® o ® ® o L @ @ @ @ @ ‘
+—>
a xr
For a simple model of a tetrahedrally coordinated semiconductor, we 4 orbitals and 2 electrons per site, n atoms
imagine a 1D chain with one atom per unit cell, and s and p orbitals. 4 n orbitals, 2 n electrons in total

The Hamiltonian matrix is :

s+ 2 tgs cos ka 21 tsp, sinka 0 0
0

—2 1 tsp, sinka €p + 2 tpps COs ka 0
0 ' 0 ep + Agp + tppr cos ka 0
0 0 0 ep + Agp + 2 tppr cos ka

AN
QU ocoocowoce oo © 888

To consider only the s and p, orbitals we can imagine that there is a large crystal field that pushes the p,, and p, orbitals to
higher energies.
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Why some materials are semiconductors ? Toy model.

1D chain atoms per cell : one orbitals: S Py Py Pz hoppings : first neighbors Ny, = 4
Y
o ® o ® ® o L ® o @ @ @ ‘
+—>
a x
p,)|ps) 4 orbitals and 2 electrons per site, n atoms
ep + Agy, i 4 n orbitals, 2 n electrons in total
2n
- Pz)
n h)lh) e, 4 e,
|s) 2n 2
Es
n

With the s and p,, orbitals we can construct hybrid orbitals

() +1p:) = @ +0o = o) .
> Eh, = Eh; = -
(Is) = pe)) = © + > = OQ 2
/
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Why some materials are semiconductors ? Toy model.

1D chain atoms per cell : one orbitals: S Py Py Pz hoppings : first neighbors . Ny, = 4
o ® o o ® o L ® o @ @ @ ‘
+—>
a x
p,)|ps) 4 orbitals and 2 electrons per site, n atoms
ep + Agy, i 4 n orbitals, 2 n electrons in total
2n
antibond e, + ¢
:) v = [
Ep n 2 n
2 h)lh) e, 4 e, op
2 2 :
‘. ) n bonding ¢ 4 ¢,
. - R —
n

There are two hybrid orbitals on each site : the largest hopping t;, is between the |h; > in one site with the |h,. > on the right

CO CO CO We can form bonding and antibonding
molecular orbitals
L 4 L 4 —@

OQ OQ The small remaining interactions form
bands
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Semiconductors with tetrahedrally coordinated structures

3D system atoms per cell : two orbitals: S Py Py D= hoppings : first neighbors Norb — &
Two atoms per unit cell, n unit cells, 2 n atoms 2 X sp?
Orbitals : 4 per atom, 8 n in total Electrons : 4 per atom, 8 n in total

With the s and the three p orbitals we can construct four hybrid orbitals per atom

i) = 5 [s) +1pz) +1py) +1p2) 1 |hian) = 5 [s) = [pe) + Ipy) — |p2) |

[ ’S> o |pa:> o |py> + ’pz> ]

N = DN =
N = DN —

Group IV hatt) = 5 [ [s) + [pz) — Ipy) — |P2) | |hi11) =

C, Si, Ge

antibond es+3¢,

) i) I w e IR
3 .
sp”hybrids e t3¢,

on 4n

Ep

8n 4

e, |s) bonding s+ 3¢,
m 4n A —I—th

4n
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Semiconductors with tetrahedrally coordinated structures

Elementary
Electronic Structure

Revised Edition

Walter A. Harrison

A : >
—>
= -5
% S5 . E;
= Conduction Band &
- 2 "4
& E -10 Vs + V_;
2 10} ¢
+i
Ev -15
Rt Valence Band
Fig. 2-5. Development of the electronic structure of gallium arsenide.
Fig. 2-4. Development of the electronic structure of silicon. The single s- The s-state and p-state energies given in Table 1-1 are transformed to
Stlalte; and p-stgte:d on etﬁch at:l:)n are ;‘rag:f;srmeg to fourdhyb.lr.‘i‘d gatcs. mgvtlld&l‘alh Mdmgﬁﬂé cngg &8;; S&stgiM tl'gr thtl;c atomhl;\b%z:ieis:?;é
which are combined with neighboring hybrids to form bonds. The Bond- which then form and antioon wi other :
Oll;bit:l ﬁﬁgﬁroximatior:;mg:: n?ltx that pgint and neglelcts aidditional couplings :rond cW?n h&\;epshowgoal{.tgleglht elgt:or}nls &1215 anw:tlc:ft: lglﬂfr tlt;grelganmm
whic broaden the ing and antibonding levels into en nd senide. romoton ectrons to ny ectrons
in the crysta{ & g e ) in gallium hybrids and half in arsenic hybrids costing 4Epy, for each pair of

atoms, with Epy, the energy per bond given in the text.
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Semiconductors with tetrahedrally coordinated structures

e X =(1,0,0)
L =(05,05,0.5)

Structure of Solids
g ' K =(0.75,0.75, 0)
\Qp W=(1,05,0)
. { u =(1, 0.25,0.25)

Atomic and Electronic

Four bands formed by the bonding sp® hybrids.

15 | . :

. = 5 U/ | , Filled with 8 electrons
S
2
-100
-125
-150
-175

15.0

L Kuw I X W L t KU X L kuw 1 X W v 1 KU X

Figure 4.8. Band structure of four representative covalent solids: Si, C, SiC, GaAs. The
first and the last are semiconductors, the other two are insulators, The small diagram above
the band structure indicates the Brillouin Zone for the FCC lattice, with the special K-points
X, L, K, W, U identified and expressed in units of 2 /a, where a is the lattice constant; I'
is the center of the BZ. The energy scale is in electronvolts and the zero is set at the Valence
Band Maximum. (Based on calculations by I.N. Remediakis.)
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2D system atoms per cell : two orbitals: S Px Py Pz hoppings : first neighbors Norb — &
Two atoms per unit cell, n unit cells, 2 n atoms 2 X 2s%2p?
Orbitals : 4 per atom, 8 n in total Electrons : 4 per atom, 8 n in total

With the s and the two p orbitals we can construct three hybrid orbitals per atom

1
!h1>=%[\/§\8>+2lpx>] |
| |h3>:—6[\/§|5>—|pm>+\/§|py>]
Sraphene o) = 7 [V21s) = Ips) = V3 Ipy) |
3n 3 "

3N

_ o) 1) I b, b, &

g 6mn 2n 2n
2n

sp®hybrids
Es+2¢g
o6n 3
B

+ t5,
3n 3
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Graphene

Atomic and Electronic
Structure of Solids

Three empty bands formed by the antibonding

: o — v e ) 2 ;
10.0 : W"" ] >
) H >,
7.5 "o, _,.-»"' i 1 . - .,
5.0 | e el o) e .
- | | BE—— . £ Two bands formed by the p,; orbitals.
R o [ ' Filled with 1 electron
?9, ol « 2 ﬁ“\)\i o
25 . ..:..- ...' v -._: ..:‘.- ]
S -’\"""""} "8 P :::':’\"“"‘-
7.5 o o " ' -«-»"'::: e >
i P =g 1Y "~ Three bands formed by the bonding sp? hybrids.
-12.5 - 1 . .
., W Filled with 6 electrons
= - ]
L e
P r Q P r
k

Figure 4.6. Band structure of a graphite sheet, calculated with the PPW method. The zero of
the energy scale is set arbitrarily to the value of the highest o -bonding state at I". The dashed
line indicates the position of the Fermi level. The small diagram above the band structure
indicates the corresponding Brillouin Zone with the special k points I', P, Q identified.

Aout 2¢5ihsed an‘calcuiatidng by LN. Remediakis) Ecole Modmat - Banyuls 79



Extensions

) naA > Ng
Charge self-consistency

8A=€OA—|—UA (nA—nOA)

EB =€OB -I-UB (nB —n%)

Spin polarization

e =¢ -1 (n"—n' Tt 0
H =
1
—n) 0o | L
Spin-orbit-interaction i ]

. ; ; T T4

A L cosf + 3 (L e ™ + L e"]sind —Lsinf — L', e " sin” 5T L' e cos? 3 H =

Hso =& 5 | |

2 L sinf + L' e cos Z L' €' sin g —L' cosf — % [L e " + L e"?] sind ) 11

With the representation of the angular momentum operators in the atomic orbitals basis.
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Tight-binding conclusion

Generalities
e A must-have electronic structure method indispensable in the solid-state physicist's toolbox.
e Natural link between numerical simulations and model Hamiltonians
e Strongly correlated electrons, Hubbard, Anderson, super-exchange, etc.
e Facilitates links with quantum chemistry.

e Simplicity for analytical calculations.

Also (not mentioned today)
e Molecular dynamics for intermediate atom numbers 1000 < N < 100,000

e Monte Carlo, keeping the electronic structure

Limitations

e Parameterize a multicomponent system (artist's work...)
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Taking into account the electron-electron interactions
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Variational principle

Let’s gb(fb) be a normalized wavefunction

MECHANICS ¢|¢ Z/¢ 7“(7 d3r—1

of a quantum system whose Hamiltonian is :

2 hZ 2
H_f—m+V(f) Vv

2m

The mean energy associated to this wavefunction is

2
— (@lH8) =Y [ oo [ 1 + V(D) o(ro) d*r
(o2
using a Lagrange multiplier A, we search a wavefunction that minimizes the energy under the constraint of normalization, :

FlA| = (9lHI¢) = Mole)

The result is, that the wavefunction that minimizes the energy must satisfy the following equation (Schrodinger !) :

[% + V()| 6li) = A 6(7o)
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Approximations

III

After using Born-Oppenheimer : the system is formed only by the electrons, the nuclei produce an “external potential”.

Z[ 6
Helec — E E
|Tz
kmetlc eIectron-eIectron/ < nuclel-electronj

N—_—— -~

T + Vee o+ Zvext(r:-)

free electrons
Independent electrons.

One electron problem nearly free electrons yes no weak
One electron approximation tight-binding yes no strong
Wavefunction methods
el deciene Hartree - Hartree-Fock — Cl - etc yes yes yes
Many-body problem Density Functional Theory yes yes yes
Quantum Monte Carlo methods yes yes yes
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Hartree
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III

After using Born-Oppenheimer : the system is formed only by the electrons, the nuclei produce an “external potential”.

Z[ 6
Helec — E E
|Tz
kmetlc eIectron eIectronJ < nuclel-electronj

Hf_/ . ~
T + Vee Y Vext()

The electronic wavefunction MUST BE antisymmetric

l A 4
7'10'1, ‘ .,FNON):—\IJ(Fla'l,..,,..@,..,FNUN)

1
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In the Hartree theory the many electron wave-function is a product of one electron orbitals:
[UH) = i1 (Fr01) a(T209) ... YN (TNON)) H Yk (Thok))

Which is not antisymmetric.

The Pauli principle is satisfied by using a different one electron wavefunction (quantum state) for every electron

N 2
EH:<\11H|H|\I;H>:<\11H][ 5‘5 + Vext (75) + Z } T
m z—rjl

H/ - ~ Nz T \1;[

( (2%
[

Where the mean value means to evaluate a sum over the spin variables and an integral.

() A = 3 [ (o) A w(70) dFr = [ 6" A o) dPr

psi phi
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After washing, rinsing and spinning (apres lavage, rincage et essorage ... )

N
H (= P; 3 (7, 1 SN2 .33, 93
=3 [ L svaam eSS [ [P [P,
i i#j f B AN
pi(T) pi(T5)
sum of one electron contributions Electronic density Electronic density
associated with orbital i  associated with orbital j
Every electron contributes with a “one-electron” The electronic interactions appear as a classical
energy : kinetic plus the interaction with the Coulomb interaction between the electronic
external field (nuclei) densities associated to every pair of electrons
N N
) h Loy
%) a ..
. 2 = Ki;
i 1F#]
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To obtain the one-electron wavefunctions, we use the variational principle. If we minimize with respect to gbz (77@) :

h V2 ) 2 | (7)) ) )
[— =+ Vexs(7:) + 62/2 |¢iﬁ7( ) d37“} 0i(73) = € ¢i(75)
2m — |7 =]
7 JF
Every equation is different, because We obtain the Schrédinger equation for sz (777,) :
There are N equations that has to be solved in a “self-consistent” way.
N N
Total electronic density ———> ,OT(F) — Z |ng (?7)|2 — Z |§b] (?7)|2 + |¢z(77)|2
J J7F1
h V? 2 pr(T) 3 2 |0i (7)) 3
— + Vext(7:) + € = d°r —e — d’r} (7)) = €4 Oi(7
|{ 27 ext( ’L) |Ti — 7;»| "ri — 7;»| gb’L( z) ) ¢’L( z)'
VHartree (7“_;) Subtract the self-interaction

It contains the self-interaction
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If we multiply the Schrodinger equation by qbz (’F;) and integrate, we obtain :

N
gi = hy; + Z K;
J#1
The one-electron energy for atom i, has the kinetic energy and the interaction with the nuclei in hq;q; plus the interaction with
the other electrons Kz’j .

The total energy is :
N 1 N
EH — e, — — K.
— ) 9 17
: i#]

The total energy is the sum of the one electron energies where we count twice the the interaction with the other electrons.
We need to subtract every interaction once.
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Hartree conclusion

e (1922) Bohr tries to explain the periodic table
e (1925) Discovery of the electron spin

e (1925) Pauli exclusion principle

e (1928) Hartree method

e (1930) Hartree-Fock

* It was proposed for solving atomic spectra

* Itis a mean-field theory (... DFT)
* Introduces the idea of self-consistent solution (... DFT)
* Introduces the Hartree potential and the self-interaction (... DFT, and to understand functionals)

* The physics related with the electron spin is absent
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Hartree-Fock
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In the Hartree-Fock theory the many electron wave-function is a determinant of one electron orbitals:

(¢1(7‘101) P1(r202) .. i(Fvon) )
Yo(r1o1)  a(T202) ... P2(TNow)
\IJHF(’FlO'l,FQO'Q,..,’FNUN) = Ldet ¢3(r10_1) ?’DS(?%O-Q) ¢3(7?N0'N)

VN!

\¢N(?.7101) ¢N(7.72<72) 2PN(’F.NUN)/

It is the simplest antisymmetric wavefunction that one can build.
FHF — (@HF | | gHFy — (gHF {Z P; V(7)) + 12 e? |\IJHF>
2m Xt 2 |7 — rj|

/ i 1#£]
i 1,

2. 11

Perm [ Perm

M/
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After washing, rinsing and spinning (apres lavage, rincage et essorage ... )

65 (T [P d rid’r;

Z/czﬁ ()] 01(72) dPrit & Z//m(ﬁ)lﬂff

i#] $ =7l
Sum of one electron contributions Coulomb interaction between the charge densities
e? 1
i#] 0i0; f R / I

1

Exchange interaction
It only exists if the two orbitals have the same spin (more, later ...)

:Zhii+§ZKiJ_§ > Ty
i i#] i#]

same spin
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Once again, using the variational principle, we obtain the Schrédinger equation:

[_E2Z?+Ve"t ) +e /Z ’7“ fﬂ /Z m_ﬂ 3”'“] ¢ (73) = €; ¢i(T7)

JFi 151
One electron Coulomb without Exchange.
the self interaction Non-local interaction

One can add the i = j term in both the Coulomb interaction and the exchange :
In HF the exchange interaction cancel exactly the self-interaction !!

el 160 = [ [ 20 7]

Hartree

N * d -10Ca
VExchange( ) ¢z( ) — { 2 E /¢J ‘(7:])_%,‘(70) dgrr} ij (fr_';) |IglxchzlangeI
j )
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Correlation in Hartree-Fock

same spin
Ji; > 0 and EHY < pH

* The exchange term forbids the electrons to be at the same position diminishing the repulsive Coulomb energy

* Inreality, “they forbid the electrons to bring close if they have the same spin”

ETE (1) < BT (1))

Ferro \/ \/ Anti-ferro

* The direct exchange interaction stabilizes a ferromagnetic order.

* The effective magnetic interaction between electrons is a consequence of the Pauli principle and the repulsive
Coulomb interaction.
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Correlation in Hartree-Fock

In statistics
independence means correlation means

P(A A B) = P(A) P(B) P(A A B) # P(A) P(B)
In the electronic structure language

P(f,7) = P(7) P(7)

Probability to find one electron in 771 when there is another electron in 772

The spin is important, let’s see ...

h(ro) = ¢(r) x(0) o=1,T}

psi phi chi
_}

gb(’l“) Is a generic function of the spatial coordinates 7= . If we want the electron to be in a specific orbital ¢13 (77)

X(J) Is a generic function of the spin variable O . If we want the electron to be T we use CV(O') for i we use 5(0')
a@) ] a)=1 a(l)=0
%
Blo) | BN =0 Bl =1

/
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Correlation in Hartree-Fock

The electrons with a Hartree wavefunction are uncorrelated

Ui (T101,T202) = 61(71) a(o1) ¢2(7a) (o)

P, 7o) = Y UL (Fion, 700) [ = [¢1(71) | [62(72)|* = P(71) P(%)

01,02

The result is the same for \IJEU \PET, \PEﬂ

What happens with the Hartree-Fock wavefunctions ?
1

\/§{¢1<771) a(01) P2(2) a(o2)—¢1(72) aoz) P2(71) 04(01)}

\IJTHTF(??l()'l, 7720'2) —

t ! : f
\IJITLIiF(Fla'l, 7720'2) = %{qﬁl(fi) 04(0'1) ¢2(’F2) 5(02)_¢1(F2) 05(0_2) ¢2(F1) 6(01)}
t ! : ]
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Correlation in Hartree-Fock

Pr(r ) = 3 [ (Fron 7o) = S{iga (@R (6 + 161 )P o) P}

01,02
The electrons with different spin are uncorrelated.

It is the product of the probability of having electron 1 in ¢1 and electron 2 in Cbz
and the inverse because they are indistinguishable.

dim Py (71, 7)) = |¢1(71) 7 [92(71)]°

1 —T92

(i1, i) = D [V (701, 7502)

=§{|¢1<m| 63(7) 2 + |61()[? 162(7)* = 2 R [67(71) 65(72) 61(72) 62 (71)] |

The electrons with the same spin are correlated
lim PTT(Flﬁ 772) =0
??1 —)7?2

The probability to have two electrons with the same spin at the same place is zero.
Around every electron, there is “a lack of other electrons”, a hole (the Fermi hole)
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Hartree-Fock conclusion

 Animportant improvement to the Hartee method.

* Introduces the idea of exchange interaction. Shows that the exchange cancels exactly the self interaction of the Hartree
potential

e Starting point of many Quantum Chemistry calculations because any antisymmetric wavefunction can be written as a linear
combination of Slater determinants (they form a basis).

WU oantisym (7101, 7202, .., TNON) = E BrVslater(T101,T202, .., TNON)
K
Configuration interaction (Cl) : post Hartree-Fock methods

* The one-electron orbitals are written in a basis (Gaussian, atomic orbitals, etc ... ) of functions

1 (Tro1) Y (Teo2) ... ¢1(FN0N)\
Y2(ro1)  P2(fao2) ... Ya(Pnon)
quF(ml,%,,,,wa):%det valfion)  Us(fho) - da(vow)

WN(FlUl) ZDN(?.?zUz) ¢N(FLVUN)/
Tza-z ZAzoz goz Tz) ( z)
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Hartree-Fock conclusion

Configuration
" Interactions

If V., # 0 the
solution is here

+
Hartree-Fock

" searchs here

One electron
problem

IfV,, = 0the
solution is here

+ (independent)

Single
determinant

Normalized
wavefunctions
of N electrons

Antisymmetric
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Density Functional Theory
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Density Functional Theory

Until now we discussed how to obtain the wavefunction that solves the full electronic Hamiltonian.
It a complex antisymmetric function that depends on 3N coordinates (4N with the spin).

Very complicated in a molecule where there are hundred or thousand of electrons or a solid where there are 1023

electrons !!

The electronic density is a real function that only depends on 3 spatial coordinates

p(fF)://---/\\P(Fl,FQ,..,F)F Bry dry Py
N1

Can we have an equation to obtain the electronic density and calculate the properties of the system ?
The idea was explored by Thomas and Fermi (1927) and extended by Dirac (1930).

The “modern formulation” is based in two papers : Hohenberg and Kohn (1964) and Kohn and Sham (1965).
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Density Functional Theory

Hohenberg and Kohn (1964)
Theorem |

* The external potential is uniquely determined by the ground state electronic density.
In other words, if we know the ground state electronic density we can determine exactly which nuclei are in the system and

where they are located !! s s
Vext (1) = [flp(7)]

Corollary

As the ground state electronic density determines the external potential and the Schrodinger equation allows to calculate the
electronic wavefunction, then the electronic density determines the many-body wavefunction !!

Theorem 1
} |
— R \Ij — — N —> R =
‘/eXt (T) Schrodinger (Tl’ T?’ 7 T) p(7) = /|w P Py APy ,0(?“)

Corollary
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Density Functional Theory

Hohenberg and Kohn (1964)
Theorem Il

o Let Vext (’F) be the external potential of our system.

* Let ﬁ(F) be an electronic density, and ‘Z)Xt (77) (Theorem I) the external potential that has ,5(77) as the GS density.

* Let \Il[ﬁ] (Corollary) be the wavefunction determined by ,5(?7) :

* We can define a functional, that allows to calculate the energy “a real number” from a function, the density ,5(?7)
B[] = (V131 | T+ Vi | W151) + [ ) Vi 7)

e The p(’F’) that has ‘/ext (F) as external potential, minimizes the functional !!

BV lp(7)] < By, [p(7)]

Theorem 1
! |
— R \Ij — — N — R —
Vext (T) Schrodinger (Tl’ T?’ | T) p(m=/|W(F1,.-,ﬂ|2 ry .y ,0(?“)

Corollary
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Density Functional Theory — Kohn-Sham

Kohn and Sham (1965)

We search

By = win Elg) = min [T(p) + Eulp) + [ p Vit d]
pP\T p(r

Problem ! We do not know, neither T:p: nor Fee [,0]

* Let’s suppose that there exists a fictional system of non-interacting electrons ‘/ee — 0 with same density ,0(?7)

/’#%Xt
&M—%M+/%pfr

+ E[p] // ~ £ T[,O] \—> same density

* For this fictional system one can get (Corollary) a many body wavefunction, which is a determinant, because ‘/ee =0

* There exists (Theorem I) an external potential VS (77) such that

\IJS(Flafl?Z? 77?]\7) — % det [¢1(F1)7 ¢2(F2)7 SR ¢N(FN)]
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Density Functional Theory — Kohn-Sham

Kohn and Sham (1965)

* For a wavefunction that is a determinant, the kinetic energy functional is simply :

A e _AL
Y e — N

= Tlp] + Tx[p] — Tslp] + Fuclp] + Ertarreelp] — Ertartreclp] + / b Vie d3r

Aout 2024 Ecole Modmat - Banyuls 107



Density Functional Theory — Kohn-Sham

Kohn and Sham (1965)

* Reordering the terms

E[,O] — TS [;0] ‘|‘EHartree [,0] + / P ‘/ext dBT+T[p] _TS [,0] —|_Eee [,0] — EHartree [IO]

| know how to calculate these three terms EXC [p}
The exchange and correlation energy
N

h2
1g [p] - — Z/qb;k (77) V2¢Z (77) d>r « The “trash”, it has

= The correlation that is lacking in EHartree [,0]
= The exchange

By — 62/p(r) p(r’) B g3 = The correlation that is lacking in 1| 0]

* |t has to compensate the self-energy in EHartree [,0]

* In practice, we solve a system of coupled differential equations

g h;; Vo) + V() + Veo()| 6:(7%) = &5 64(73)
/ \
Vi(r) = el Vxa(r) = Obxc
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Density Functional Theory — Functionals

We do not know VXC (77)

The easiest (and it was also the first) choice, calculate EXC [p} for an homogeneous system

ELDA[,O] _ /,0(77) 6%{%14 [p(f’)] d37a Local Density Approximation (LDA)

ELSDA [p%pd — /p(f’) e%&%DA [pT( ) pi(f’)] d3r Local Spin Density Approximation (LSDA)

EGGA [,OT, pi] / p(F) GESA (,OT, Pl V,OT, Vpi) d3T Generalized Gradient Approximation (GGA)
Many others

* Hybrids : adds a part of exact exchange (the one in Hartree-Fock!) to cancel the self-interaction
* metaGGA : add terms that depend on the kinetic energy

 PBE : the workhorse in solid state physics (is a GGA functional)

 B3LYP: the workhorse in solid state physics (is an hybryd)
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Density Functional Theory - Wavefunctions
{_h Y4

+ Vel + V(@) + Vao()] 6i(7) = ei 64(7)

2m

The one-electron wavefunctions ¢z (7“7,) and energies £; are the ones of the non-interacting system.

In a periodic crystal, the one-electron wave-functions are Bloch functions

0, (7o) = &, 1 (7o) < U (70) = 3 Chga 07
hkl

} >

2
0 Kmin — —7T Kmax =~ 2T
a >\mzn

The minimum K is given by he size of the unit cell, the maximum one should be 2 T over the minimum feature that one want to
describe, let’s say the extent of the 1s orbital

Ko 1® 3 s 1 6 AT
LK’s ~ ~ 2]~ a o |0 XS0 A T 5603
Koin Armin < T1s > /10 0.05 ag

If we want to describe the periodic part of he Bloch function using PWs,
for a simple system (Cu, one atom per cell), we need a few thousand PWs in each direction, billions ( = 10°) in total !!
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Density Functional Theory - Wavefunctions

If the system has N atoms with different chemical species in the unit cell, the total number of PWs will scale as
N

< r1g(min) >3

To decrease the number of plane waves, we can either increase K,,,;,, or decrease K,z

Kr’

K’s ~
# ; [Kmin

2

But we cannot modify K min because it is defined by the periodicity of the lattice ~ —
a

We can decrease /,,q if we do not describe the core electrons with PWs !!!
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Density Functional Theory - Programs

Two solutions

/

Partition the space in non overlapping spheres (regions |)
around each atom plus an interstitial region (region Il)

Figure 2.1: Partitioning of the unit cell into atomic spheres (I) and an interstitial region (II)
(7o) C ' hkt-T if 7ell
U, g\r0) = E hkl .1 : I
nk — > atomic like orbitals if e |

Paying the price of using a complicated basis set
(Plane Waves + Atomic Orbitals), we can perform all electron
(valence and core) calculations.

Method : Full Potential Linearized Augmented Plane Waves
Programs (FP-LAPW) : WIEN2K, Fleur, Exciting, ELK

Aout 2024

Ecole Modmat - Banyuls

.

Based in a frozen core approximation, assume that the core
electrons in the system are not very different that the same
core electrons in the free atom.

Include their interaction with the valence electrons to the
nuclei attraction in a pseudopotential.

Calculate pseudo-wavefunctions which are smooth close to the
atoms and evolve continuously to the real wavefunctions far
from the atoms.

Paying the price of using fake potentials (pseudopotential) one
can perform calculations for the valence electrons using a
simple basis set (Plane waves).

Method : Plane wave Pseudopotential
Programs : Quantum Espresso, Abinit, VASP, ...
112



Density Functional Theory - Programs

Cu with WIEN2K

Lattice parameter 3.60 A
Radius of sphere 1.26 A

Kax ~ 3.2 ag’
Ecut = 9.8 Ry

#K's = 63

Aout 2024

Two solutions

— ~__

Cu with Quantum Espresso

Lattice parameter 3.60 A
Pseudopotential ONCV
Cu with if PWs and all electrons
Koo — 2™ 01960 o= K 05 g1
max — < s N /10 — 0 max — Y- a,O
h2 K2
Eeuw = max — 1.6 10° Ry Ecut =90 Ry
2 M,
K 3
#K’s ~ [ maX] ~ 1360° #K’s = 1140

Ecole Modmat - Banyuls

113



Density Functional Theory - Programs

2014 Critical Reviews in Solid State and Materials Sciences, 39:1-24, 2014

Published with license by Taylor & Francis
ISSN: 1040-8436 print / 1547-6561 online
DOIL: 10.1080/10408436,2013.772503
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Density Functional Theory - Programs
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Density Functional Theory - Programs
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Density Functional Theory - Programs
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Density Functional Theory

*  Which program should | use ?
* Pseudopotentials
e Ultrasoft, norm-conserving, ...
* PAW (Projected augmented waves)
* Scalar relativistic versus full relativistic

e For spin-orbit calculations

GW method

GGA+U

Time dependent
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La surprise du chef

Crema Catalana

Quizas sea el postre por excelencia de Cataluiia. Esta rica crema es un postre cremoso y
crujiente ya que en la parte superior se quema azucar para crear una capa de crujiente
caramelo. Podréis pedirlo en casi cualquier lugar en Cataluia.
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Albert Einstein contribution to the Olympic Games
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Albert Einstein contribution to the Olympic Games
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Cu, Ag, and Au

Periodic Table of the Elements

1H 2He
1s 10 1 1§
sLi | «Be CuAgAu: nd™” (n+ 1)s 5B 6C N 50 oF | 10Ne
He2s He2s® He2522p He2522p2 He2522p3 He2522p4 He2522p5 He2522p6
11Na | 12Mg 13Al 14Si 15P 16S 17ClI 18Ar
Ne3s Ne3s® Ne3523p Ne3523p2 Ne3323p3 Ne3323p4 Ne3523.p5 Ne3sz3p6
19K | 20Ca | 21Sc | 22Ti | 23V | 24Cr | 2sMn | 26Fe | 27Co | 28Ni | 29Cu | 30Zn | 31Ga 32Ge 33AS 34Se 3sBr 36Kr
Ards Ards’ Ar3d'4s’ Ar3d®4s’ Ar3d’4s? Ar3d’4s! Ar3d*4s? Ar3d®4s? Ar3d’4s? Ar3d®4s’ | Ar3das’ | Ar3d™as® | Ar3d™as’ap | Ar3d™4s?ap’ | Ar3dVas’ap® | Ar3dV4asapt | Ar3d4s?4p’ Ar3d*as’ap°®
37Rb | 38Sr | 39Y | 40Zr | 41Nb | 42Mo | 43Tc | 44Ru | 4sRh | 46Pd | 47Ag | 48Cd [ 49ln 50SN 51Sh 52Te 53] 54Xe
Kr5s Kr5s® Krad'5s® Krad’5s* Krad®ss® Krad®5s* Krad®5s® Krad®5s® Krad'ss” Krad®ss® Krad'%s' | Krad'ss® | Krad'%5s°5p | Krad'ss’sp? | Krad'%5s’5p° | Kr3d'%5s’5p* | Krad'°ss’sp® Krad'%5s°5p°
55Cs | s6Ba | °771 | 72Hf | 73Ta | 74W | 75Re | 760Os | 771r | 78Pt | 79Au | soH 81Tl 82Pb 83Bi 84P0o 85At ssRn
Xebs Xe6s? La-Lu/ xesf*sd6s’ | xear''sd®ss” | Xeaf*sd%s' | Xeaf''5d’6s” | Xeaf*5d°6s | Xeaf*sd’6s” | Xedf5d%6s? | Xeaf*5d'%s" | Xear ‘5" "6s” | Xeaf 50" %65 6p | Xeaf 50" 65 6p” | Xeaf*5d'%6s%6p® | Xeaf*3d™6s%6p" | Xedf 50" %6s%6p° | Xeaf*5d'%6s%6p°
87Fr | ssRa | 89103
Rn7s Rn7s* AC- I_ r
s7La 58Ce 5P 6oNd | 61Pm | 62Sm 63EU 64Gd 65Th 66Dy 67HoO 68Er | e9Tm | 70YDb 7Lu
Xe5d6s Xedf'6s’ Xeafes’ Xedf'es’ Xedfes’ Xedf’es’ Xeaf'6s’ Xedf'5d6s” Xedf'es® Xeaf'%s® Xedf''es® Xedf?6s® Xedf6s® Xeaf'6s® Xeaf**5d6s’
89AC 90Th 91Pa 92U 93Np 94Pu 9sAm | 96Cm 97Bk 98Cf 99ES 100Fm | 100Md | 102No 103Lr
Rn6d7s” Rn6d’7s* Rn5f6d'7s” Rn5£6d"7s” Rn5f'6d" 75 Rn5£°7s> Rn5f 75 Rn5f 607> Rn5f°7s? Rn5f°75 Rn5f7s% Rn5f27s° Rn5f°75° Rn5f7s> Rn5f6d7s°
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Albert Einstein contribution to the Olympic Games
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Optical Properties
of Solids
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Fig. 1.1 Reflection, propagation and trans-
mission of a light beam incident on an optical

medium.
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Optical properties of Cu
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Fig. 1.1 Reflection, propagation and trans-
mission of a light beam incident on an optical
medium.
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Cu reflects ... red
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Optical properties of Cu and Ag
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Fig. 1.1 Reflection, propagation and trans- e
mission of a light beam incident on an optical
medium.
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Optical properties of Cu, Ag, and Au

propagation through
incident light the medium

TR\ ‘)

transmitted light

[N

Fig. 1.1 Reflection, propagation and trans-
mission of a light beam incident on an optical

medium.

Cu reflects ... red
Ag reflects ... everything
Au reflects ... red and yellow
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Energy [eV]
The color of Ag seems to be the “good one” for free electron metals

. Why there is a drop in reflectance at around 2eV in Cu and 2.5eV in Au ?
. Why the energy drop in Au moves up in energy ?
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1. Why there is a drop in reflectance ?

A drop in reflectance happens due to electronic inter-band transitions.

Optical Properties
of Solids

The transitions happen from a region with a high density of states (flat bands) to empty state (above
the Fermi level)

E
A
4s band
y optical
transitions
Cu: 3d'0 4st E, T'-"-t _____
X
3d band
>
Density of states

Fig. 7.4 Schematic density of states for the
3d and 45 bands of a transition metal such as
copper.
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1. Why there is a drop in reflectance ?

60 6.0 C 6.0
50 3 \ 50 3 50 \
40 3 40 3 4.0 N\
20 3 20 3 20
20 3 violet 20 3 20: 2 violet
10 3 10 3 violet / 10 3
00 3 Fp 003 B 003 By
o 1,0 3 & 1,0 3 o 10 3
2,0 3 - =20 3 o 20 3
R 3 R = red R 3
= -3.0 3 = 3.0 3 S = 3.0 3
g E & = il = 3
k3 40 3 A & A k3 407
5.0 3 5.0 3 <0 3
50 3 50 3 4d 2 50 3
70 3 7.0 3 f\ 7.0 3
80 3 0 3 80 3
9.0 2 90 3 90 3
-100 3 1100 2 -100
\'7 XZW K W W

Because there are localized d bands just below the Fermi level
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Why the energy drop in Au move up in energy ? ?

Au is the heaviest atom in the series Z = 79

Let’s analyse the total, potential and kinetic energies of the orbitals using hydrogenic solutions :

272 F Z* E
Enlm — anm = — y <0 Tnlm — —

>0
n2 n2 n

The largest kinetic energy happens for the deep 1s orbital : Tls = 22 EO > 0

To decide if relativistic effects are important one has to compare the kinetic energy of the 1s state with mc?.
T\, = Z° Ey ~ mc*

element | Z | Tis/mc?
Cu 20 | 2.2 %
Ag | 47| 6.0%
Au 79 |17 %

Relativistic effects are
important for the 1s
orbital of Au

A

Aout 2024 Ecole Modmat - Banyuls 130



Optical properties of Cu, Ag, and Au

What is the consequence ?

When the relativistic effects are important the effective mass increases, having the effect to decrease the kinetic energy,
(for a given localization, i.e, for a given kinetic moment).

The electron can localize further (approaching the nucleus) and gain potential anf total enegy energy.

Aout 2024 Ecole Modmat - Banyuls 131



Optical properties of Cu, Ag, and Au

Au: 182252 2p° 352 3p° 3419452 4p° 4410 552 5p° 4114 5410 6s?

In other words, the total
energy of a relativistic 1s
electron has a lower energy
than a non-relativistic one !!

Relativistic correction (%)
(ERELA T ENRELA )

E:VRELA
« 5d3/2 5¢5/2
20 = 4f52 4f712
1 3d3/2 3d5/2 4d3/2 4d5f2
The other s electrons (n > 2) also o
. 112 3/2 112 3/2 12 312 112 3/2
localize because they must be T W ik op-ep
orthonormal to the 1s 0 Al = o s
-10 -‘-I-I I
' -20 =
The 5d electron delocalizes
because the more localized ns 4% o
orbitals screen the nuclei. ]
-40 =

http://susi.theochem.tuwien.ac.at/events/ws24/Rocquefelte-relativity.pdf
Xavier Rocquefelte (ISCR - University of Rennes 1 — CNRS)
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Band structure calculation (relativistic)
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Band structure calculation (non relativistic)
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Einstein
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Optical properties of Cu, Ag, and Au

Au: 182252 2p° 352 3p° 3419452 4p° 4410 552 5p° 4114 5410 6s?

In other words, the total
energy of a relativistic 1s
electron has a lower energy
than a non-relativistic one !!

Relativistic correction (%)
(ERELA T ENRELA )

E:VRELA
« 5d3/2 5¢5/2
20 = 4f52 4f712
1 3d3/2 3d5/2 4d3/2 4d5f2
The other s electrons (n > 2) also o
. 112 3/2 112 3/2 12 312 112 3/2
localize because they must be T W ik op-ep
orthonormal to the 1s 0 Al = o s
-10 -‘-I-I I
' -20 =
The 5d electron delocalizes
because the more localized ns 4% o
orbitals screen the nuclei. ]
-40 =

http://susi.theochem.tuwien.ac.at/events/ws24/Rocquefelte-relativity.pdf
Xavier Rocquefelte (ISCR - University of Rennes 1 — CNRS)
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Another interesting relativistic effect

Non reldtivis+ic 7 woyld have

4 larger atomic Voldine

www. hetemeei.com

The localization of the core 1s orbital, implies the localization of the other ns orbitals due to the orthogonalization.
This effect apply to the 6s, which is the outermost orbitals.
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Atomic volume of the transition metals

The 5d transition metals have the atomic volume of the 4d .....

‘4 Vat. (cnt'/g-al)

7

s La
20 L Yo
g R oSc

N >

Nb
Ta = oot
10 - -\W N a4
\ X g - P d 5d

\% Os _

Ru Rh
Cro—Ma~e— __ %% 34
Fe co °Ni
5 ! ! T ) \ L P
A YA YIA Nyma/” i

13 - Volume atomique des métaux de transition (D’aprés GSCHNE IDNER [59])
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Thank you for your attention ...
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