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Introduction

Robert Hooke (1635 — 1703)

ROBERT HOOK}
1635~ 1703

celiinosssttuv
1660

Ut tensio, sic vis
As the extension, so the force
1678

source: wikipedia



Introduction

Years 2000

Atomistic simulations
with several million atoms

Molecular-dynamics simulations

of dynamic crack propagation
In a fcc crystal using 100 million atoms

with a Lennard-Jones potential

V. V. Bulatov, F. F. Abraham, L. P. Kubin, B. Devincre and S. Yip,
Nature 391, 669 (1998).

Empirical potentials usually perfectly
match elastic behaviour

Crack
tip



28

24 r

E (ev)

20

16

GGA

<111> loop

100

u EAM GGA -

e=0 N H

G:O A A

1000
Number of atoms

=0 :AE=56¢eV
0=0 : AE =0.6 eV

E (ev)

22 r

20

18

16

Introduction

=,
EAM GGA
e=0 H |
G:O A A
100 1000

Number of atoms

=» elasticity can be used to understand (and withdraw)
size effects in atomistic simulations

1 M.-C. Matrinica, F. Willaime, and J.-P. Crocombette, Phys. Rev. Lett. 108, 025501 (2012).



Introduction

Vacancy in bcc iron : interaction with an applied strain

Simulation box 10x10x10 (2000 sites)
Marinica 2007 EAM potential

-

—-10 t

Energy difference (meV)
Energy difference (meV)

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Applied strain € (%) Applied strain € (%)

=» elasticity can be used to model variations with the applied strain
of the energies of defects (vacancies, self interstitials, solute, precipitates)



Introduction

Coarsening kinetics
of a distribution
of prismatic loops

2 time steps
- dislocation glide
- dislocation climb (diffusion)

Al parameters
T = 600K
unfaulted {110} loops

=» elasticity can be used to model microstructure evolution ata
mesoscopic scale (DD, phase field)

D. Mordehai, E. Clouet, M. Fivel, and M. Verdier, Philos. Mag. 88, 899 (2008)
B. Bako, E. Clouet, L. Dupuy and M. Blétry, Philos. Mag. 91, 3173 (2011)
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|.  Elasticity Theory
Il. Inclusions, Inhomogeneities and Point Defects

1. Dislocations



| . Elasticity Theory

Deformation of an elastic body
Stresses in an elastic body
Thermodynamics of deformation

Hooke's law

a K~ WO DN PF

Equilibrium equation in homogeneous elasticity

References :

L. Landau & E. Lifchitz, Theory of elasticity, Course of theoretical physics,
vol. 7 (1967)
A. E. H. Love, The mathematical theory of elasticity (1927).
J.P. Hirth & J. Lothe, Theory of dislocations, chap. 2 (1982)
J. F. Nye, Physical Properties of Crystals - Their representation by tensors
and matrices (1957).
D. J. Bacon, D. M. Barnett and R. O. Scattergood, Prog. Mater. Sci. 23, 51
(1980).



1. Deformation of an Elastic Body

Reference state Strained state
. Deformation .
Displacement U =X —X: U =X =X
Distortion F=[ d: F_I-J ou /(3Xj
L ou 3
> o= X =(0, +F;)dx
j
~ du. - 0du.
swam 2= (1d+F)(1d+F) -1d]: g =1 24 +2 04 2
2 bo2lox, 0x 0x; 0X

> d2=d?+2d



1. Deformation of an Elastic Body

Reference state Strained state

Deformation

—>

Displacement U =X —X: U =X =X
Distortion F=[0O d: £ du /ox
ou
> dx'=adx +_—-dx, =(g, +F; |dxX
1=+ 0 (9 R o
1
Strai ==| (Id+F)(Id+F")-Id (Green-L )
rain g 2:( )( ) :| reen-Lagrange
g:; |d—(|d +Ft)_1(|d +F)_1} (Euler-Almansi)

symmetric 2" rank tensors



1. Deformation of an Elastic Body

Small deformation assumption

e Strain
g :;(F+Ft) €

1/ ou

2\ 0X.

J

diagonal components:
elongation / compression

d-d
5T g

symmetric tensors

d

+

0

U,

J

=

0X

d’

» Rotation

_lic vy,
Q—E(F F'):Q

no contribution in linear elasticity
because no internal torque

1( du, du,

P2 0x,  0x

off-diagonal components:

shear angle

& =

=» 3 eigenvalues = elongation / compression along principal axes

volume change dV '=adV (1+&® )(1+£@ )(1+£®
=dV (1+&® +£® +£6))

> T

dVv '-av

©) ="




1. Deformation of an Elastic Body

8:1( € [ q):é‘ij :1E|_aui jJ
2 2\ 0x. 0%

Spherical coordinates Cylindrical coordinates
Eppr — GUT 8“1"
or Erp = 5
Eop — o + 1% (7 1 Oug
T, o0 =+~
u Up 1 8u¢ g r
= — + —cotf U,
i r + r “o * rsin 6 8@ Ezz = By
1 [ Ouy 1 Ouyg ou 1 Ou
2e9, = — | —= — t 6 _ vve + z
%= (89 e 50 )—|—7“Sin9 oy == gt - 7p
Ougy Uy 1 Ou, ou, Ou,
2 ré — o 25rz — +
0= oy r i rsinf ¢ or 0z
Oug ug 10u, Jug ug 10u,

_ Qg = — — — + =
28’"9_ar_7~+¥ae 0= Ty 'r+fr89



1. Deformation of an Elastic Body

Strain extraction from atomistic simulations

 average strain: from vectors defining simulation cell (periodic or not)

a1 Deformation 73!
2
a) ‘ 52"
al all
H=(a'|a*|a’) H'=(a'"|a*'[a®)

H =(ld+F)H > distortion: F =H' H™ —1d

=» strain, rotation, ...



1. Deformation of an Elastic Body

Strain extraction from atomistic simulations

e local strain (on each atom): from vectors defining neighbours positions

Deformation

R=(r[r?]-|r")

r*'=(d+F)r", O [1:N]
over-determined system: least square fitting
-1
> distortion F = (R' Rt)(R Rt) -|d

=» strain, rotation, ...

C. S. Hartley and Y. Mishin, Acta Mater. 53, 1313 (2005).



1. Deformation of an Elastic Body

Strain extraction from atomistic simulations

screw dislocation in hcp Zr (EAM)

Trace of the deviatoric
strain tensor
~ average shear

21%

0%

Visualization: atomeye (Ju Li, MIT)
J. Li, Modelling Simul. Mater. Sci. Eng. 11, 173 (2003).




2. Stresses in an Elastic Body

Force acting on a volume element of a strained body jv FdV

- external body force (gravity, distribution of point forces, ...)
f dV
- internal forces corresponding to interaction between particles
cancellation of forces between particles inside V (action — reaction)

only forces corresponding to interaction with outside particles
=>» proportional to the surface (no long range interaction)

6 dS

.[v Fav :.[v fiav +<ﬁ80-ij de

Example: pressure

(1 0 O)
c=-P/0 1 O
\O 0 1/




2. Stresses in an Elastic Body

Equilibrium : no resultant inside

Force FdvV =] fdV +Cﬁ o. dS.

Torque IVMide:jV(kai —)gfk)d\/+<_“>s(xk0ij —xika)de

0
:JV(kai —X fk)dV +JV(9)(j(XkJij _)ﬁakj)dv

:JV(Uik_Jki)dV O, =0
+ equilibrium with applied forces
at the boundary T
N . n o.n =T2
T°dS-6dS=0 on —




3. Thermodynamics of Deformation

Infinitesimal deformation corresponding to a displacement change J(Q

Work of the internal forces oW dV = - . f ou dv —(j) ag. au. dS.
vV v | [ g [ |

(W > 0 when energy flux
from elastic body to outside)

- 0
-|, f du v —jva(a”ou)dv

)

=-| o; @dv
¢
=~| o,0gdv
Variation of the internal energy: v
(defined per volume unit of the unstrained body) 5 1( oE
de=Tds- =T &+q 5 o, =| | =
of the free energy: > 06‘” S VO 06‘”
of =oe-JTs) =sdl +q og a-i _1(oF
bo\og ) Volog; )




3. Thermodynamics of Deformation

Example: hydrostatic strain

év/1 0 0 5ezT55+0ij5é;j
58:§ O 1 O é\/
°l0 0 1, 1ot 4, %
:Tds—Pﬂ with P=—}Tr(6)
A 3
ag. :ia_E :ia_F GQP:_(OEJ :—(al:j
) V, aeij ] Voaé‘ijT oV s oV J;

Constant pressure ensemble: H=E+PV = OH=TJS+V P
Constant stress ensemble: H =E -V, 0,&, = OH =T0oS ~Vo & 50.]



3. Thermodynamics of Deformation

Stress from atomistic simulations: average stress

O —O Int
PP e g =K 5  10E

N atoms in interaction E = i i

when the potential energy Eint only depends on atom positions X ¢

int a
_Nde _l_lz OE™ 0X, _ NKT 1Za|:iax?

v T VX e, vV v

l'in PBC, Ent also depends on periodicity vectors

in quantum mechanics: E™ = <@ H| @
1/ |oH

> stress from Hellmann-Feynman theorem: O; = —{ @

v\ % ©

O. H. Nielsen and R. M. Martin, Phys. Rev. B 32, 3780 (1985).



3. Thermodynamics of Deformation

Stress from atomistic simulations: atomic stress

it cannot be always defined (not in ab initio)

one needs to be able - to partition the energy in atom contributions
- to associate a volume V¥ to each atom

it has to be meaningful (average, equilibrium) g = EZ V%Y
a

=» not always an easy task !

week endin
PRL 114, 258102 (2015) PHYSICAL REVIEW LETTERS 26 JUNE 2015

Examining the Mechanical Equilibrium of Microscopic Stresses in Molecular Simulations

Alejandro Torres-Sanchez, Juan M. Vancgas,* and Marino Arm}'J
LaCaN, Universitat Politécnica de Catalunva—BarcelonaTech, 08034 Barcelona, Spain
(Received 3 November 2014; published 23 June 2015)

The microscopic stress field provides a unique connection between atomistic simulations and mechanics
at the nanoscale. However, its definition remains ambiguous. Rather than a mere theoretical preoccupation,
we show that this fact acutely manifests itself in local stress calculations of defective graphene, lipid bilayers,
and fibrous proteins. We find that popular definitions of the microscopic stress violate the continuum
statements of mechanical equilibrium, and we propose an unambiguous and physically sound definition.



3. Thermodynamics of Deformation

Stress from atomistic simulations: atomic stress

it cannot be always defined (not in ab initio)

one needs to be able - to partition the energy in atom contributions
- to associate a volume V¥ to each atom

it has to be meaningful (average, equilibrium) g = 12 V%"
a

=» not always an easy task !

Example: potentials depending only on the distance between atoms
(pair potentials, EAM, 2" moment approximation)

int _ a 1 0 Xia_xiﬁ X{ = X?
E™ —¢({raﬁ}) i :\/aZﬁarg( (rzﬁ()zJ J )

V. Vitek and T. Egami, Phys. Status Solidi B 144, 145 (1987).



3. Thermodynamics of Deformation

Stress from atomistic simulations: atomic stress

screw dislocation in hcp Zr (EAM)

Trace of the deviatoric
stress tensor
= Von Mises stress

61 MPa

1.7 MPa



4. Hooke’s Law

Thermodynamics: OF =SoT + +V g, 551‘ o, = 1 oF
J agu
= expression of F(T,€) needed
Undeformed state (reference): 1( OF
elastic body at equilibrium Jij = =
without any external force aé}j T
(surface, body)
Small deformation assumption: | F(T,&) = F,(T) + VC”klé‘ Ey
1( 0°F
=> elastic constants: Cijkl =
0g,0¢&,
1
= Hooke’s law: i = Giwéu > AF :EVUUEU.
Hydrostatic strain AV AV AV 2

g =—20 0,=-Po, » P=-B=— AF=B—
V Vv



4. Hooke’s Law

Properties of elastic constants

1
AF = 2VC”k|€ & >0 L& > G 4 rank tensor definite positive

0°F 0°F

= > C..y = C,i; (major symmetry)
9c.0 ds. 0 ijkl — “Klij
&;0&y £40&;

£|J - g“ > 4 Cijk| — Cjik| — Ci“k(minor symmetries)
=» 21 coefficients (instead of 81)

Elastic compliance (inverse tensor)

_ _ _ 1
0, =C&y > & =S with CySym =~ (0 *+ )



. Hooke’s Law

\Voigt notation

O = Cijkl &y

sym. tensors in R3
(6 components)

Indexes
11
22
33
23/ 32
13/31
12 /21

AF =1Va.£.
2 1) 1)

> 0 =C, &

vectors in RS

> (6 components)
Indexes
1
2
3
-> 4
5
6
1
> AF =—Vo ¢
2
Ck =Ci

[
Q)
=

N

w

w

|—\q |—\q l\)q ooq I\)q |—\q
I

N

S,

oom I\Jm AN
NP

w
|

2€,,

Sk

LK

=43,

C12 C13 c:14 C 15 C 16 811

C22 C23 C24 C 25 C 26 822

C33 C34 C35 C36 833

C44 C45 C46 2823

C:55 C:56 2513

C66 2“5‘12

S12 S13 S14 S15 S 16 011

SZZ S23 S24 S25 S26 022

83:3 S34 S35 S36 033

S44 S45 S46 023

S55 S56 013

S66 012

=S, If1<1,K<3

=25, If 1<l <3and4<K<¢€
=23, If 4sl<bandlsK<:

if 4<1,K<6



4. Hooke’s Law

Elastic constants and rotation

rotaton R: O — U u. = Rjuj

C-C: CIijkl = RijanoRpCmnop

Elastic constants and symmetry

if R is a symmetry operation of the Bravais lattice
CijkI = I:ngjn Rko I:ﬁpCmnop
isotropic : 2 coefficients (Lamé coefficients)
Cin :/]5ij5kl + 10, a}| +q C?k)
cubic : 3 coefficients (Cyy, Cip, C,)

hexagonal : 5 coefficients (Cyq, Csq Cy5 Cia Cul)



4. Hooke’s Law

Cubic elasticity c, C, C, 0 0 0)
C, C, 0 0 O
C, 0 0 O
C44 O O B:C11+3C12
C44 O 3
Caa)

Isotropic elasticity

1
C,=A+2u Cp, =4 Cu=HU > Cu = E(Cll _C12)
Bulk modulus: B=A +§,u
Young modulus: E= HEA+ 21) L =2u(1+v)

U+ 3B+u
J = 3B-2u _ _E-2u
2B8B+u) 2Wu+A) U

Poisson coefficient:



4. Hooke’s Law

Hexagonal elasticity

/Cll C, C, O 0 0)
C, C, O 0 0
C,, O 0 0 _ 1
C, 0 O with  Cgg = E(Cll _C12)
Cu O 2C..+C..+2C, +4C
C B="11 33 12 13
44 ) 9
Example: ab initio calculations in Zr
Pwscf:
DFT GGA

Ultrasoft pseudopotential (5s? 4d2+ 4s2 4pf)
Valence electrons described by plane waves (20 / 28 Ry)
HCP unit cell (2 atoms)



4. Hooke’s Law

C,41n hep Zr
(0 0 1 0 0 1
e=€/0 0 O 6=2C,e|0 0 O AE(£) = 2VC, &
1 00
20Ry +
L't 28Ry +
3 -
= S
8a)
-1
-2 —Il 0 1 2 -2 -1 0 1 2

Strain (%) Strain (%)



4. Hooke’s Law

CgeIn hep Zr
(0 1 0 (0 1 O
ge=¢g/1 0 O 6=2C.1 0 O AE(g) = VC,&°
0 00 0 0 0 | 1,
with Gy = E(Cll C12)
6-0.- 20Ry + 20 Ry (relaxed) X ==
k 28 Ry + 28 Ry (relaxed) X/ ’
s .
g ¥
P 9% 0
J-"+”
"' 20Ry + 20 Ry (relaxed) X
P’y 28Ry + 28 Ry (relaxed) X
-2 -1 0 1 2
Strain (%) Strain (%)

=» atomic relaxations when the crystal symmetry is broken by the strain



4. Hooke’s Law

B in hcp Zr

e=¢/0 1 0 P= —%Tr(c) = 3B¢ AE(g) = —gVBg2

Energy (meV)
Pressure (GPa)

Strain (%) Strain (%)

=>» slower convergence of the stress (work with stress differences)



4. Hooke’s Law

Hexagonal elasticity (C; C, C,; 0 0 0)
C, C, O 0 0]
Cs, O 0 0]
C, O 0
C., O 1
Cu) with Gy = E(Cll - C12)
Example: ab initio calculations in Zr
Expt. EAM  SIESTA PWSCF
a ('z’—?&) 3.232 (Ref. 32) 3.234 3.237 3.230
c/a 1.603 (Ref. 32) 1.598 1.613 1.601
Cq1 (GPa) 155.4% 142.0 140.0 140.0
C3; (GPa) 172.5% 168.0 168.0 168.0
C1 (GPa) 67.2% 75.0 86.0 70.0
C13 (GPa) 64.6% 76.0 68.0 65.0
Cas (GPa) 36.3" 44.0 24.0 26.0

Ces (GPa) 44.1* 33.5 27.0 35.0



] _ . B )
K-l_ i =0 with O =C&y  and & "9

0°u,
Ijk
" Ox, 0%

axj

> |C +f =0

a

+ Oyh =T and/or U =U~ atthe boundary

Isotropic elasticity d°u. U
) oep 28 g =0
0x0X, ~ 0X;0X;

A+)00 &) &€ £ 0

d0; 1[aui
+



Cea 5. Equilibrium Equation in Homogeneous Elasticity

0°u
K +f =0 + on=T% and/or u =U? at the boundary
IjK I J i |
0X; 0X

Superpostion principle
Ilnear equatlon (linear elasticity) = solutions can be added
if 0"and U° are solutions corresponding to forces fland f2

0° (U, +Uu,")

C

> Cijkl

+ fi1+ fi2 =0
o, =0, +0,° =C,, (g..l +g..2) 0X;0%

= AF' +AF? + AF™

Elastic interaction energy | AF ™' :VJiJ.lgij2 :VJ”.Zgijl
(between defects, ...)




Cea 5. Equilibrium Equation in Homogeneous Elasticity

0°u,
ijkl
" Ox, 0%

Superpostion principle:

C +f =0 + oyn =T and/or U =U® atthe boundary

=>» Green’s function : solution to a unit point force (Dirac delta function)

0°G, 0if x#0
N "+ O(X) =0 wi o(X) = ~
Ijkl axjaxl in ( ) with ( ) {OO if 2 =0

C

Gkn (T) . tensor field giving the displacement along the X, axis
of a unit point force applied along the X, at the origin

Solution to the force distribution J f(X)dX

U, (X) = j G (X—X)f (X)dX

: — aGkn
0; (%) =Cyy [ Gy (R=R) f(R)AX | with Gy =~ &




Cea 5. Equilibrium Equation in Homogeneous Elasticity

Green'’s function

« isotropic elasticity: G, (X) =167T,L(j-— )% (3-4v)o, + ka”

e anisotropic elasticity:

analytical expression only for transverse isotropy (hexagonal)
=>» numerical evaluation needed

D. M. Barnett, Phys. Status Solidi B 49, 741 (1972).

but the radial dependence does not vary

G.(1) =~ 9(6.9)

Gy (1) = 5516, )

~_1
Gy (N =16,




Cea 5. Equilibrium Equation in Homogeneous Elasticity

0°u,
ijkl
" Ox, 0%

Superpostion principle:

C +f =0 + oyn =T and/or U =U® atthe boundary

=» problem decomposition to enforce boundary conditions

T?onS

N
N

u®-a' —-a?

N
N

u® on S

E. van der Giessen and A. Needleman, Modelling Simul. Mater. Sci. Eng. 3, 689 (1995).



Cea 5. Equilibrium Equation in Homogeneous Elasticity

0°u,
ijkl
" Ox, 0%

Fourier transform method
linear partial differential equation =» solutions in reciprocal space

a(r) = IU(CI) g'ar dd and I?(T’) = j IE(CI) e'ar 00|
> -Cyq,qU, +F =0
U, =(qo)'F  with  (9d), =Ca,9
Fourier transform of Green’s function: (0Q) ;il

o(r)=[E(@)e" ™ 1  where %, =-iCyq (a0 F,

complex microstructure (phase field, polycrystal homogenization), but
- periodic boundary conditions

- spatial resolution din a box of dimension L limited
by the number N of nodes of the FFT grid: N = L/d

C +f =0 + o;n =T’ and/or U =U" atthe boundary

J

T. Mura, Micromechanics of Defects in Solids (1987).



Il. Inclusions, Inhomogeneities and Point Defects

Spherical inclusion

Eshelby’s inclusion

Inclusion and applied stress

Point defect

Carbon - dislocation interaction in iron

Isolated point-defect in ab initio calculations

e - R A o

Inhomogeneity and polarizability

References :

e J. D. Eshelby, Proc. Roy. Soc. Lond. A 241, 376 (1957); ibid 252, 561
(1959).
G. Leibfried and N. Breuer, Point Defects in Metals | 81 (1978).
D. J. Bacon, D. M. Barnett and R. O. Scattergood, Prog. Mater. Sci. 23, 51
(1980).
R. W. Balluffi, Introduction to Elasticity Theory for Crystal Defects (2012).
C. Weinberger, W. Cai and D. Barnett, Elasticity of Microscopic Structures,
Standford Univ. lecture notes (2005).



1. Spherical Inclusion

Isotropic elasticity in spherical symmetry
spherical symmetry O(F) = U(I‘)ér

isotropic elasticity (/] +,U)D|U &) A # £ O

no body force

0(du 2u) _ B

=00u 0 B B AV
En =5 TAT23 foo =Egp= TATS [ T9A

0,=[10,0,+ (8.5, + 3 4)] &
T :(3/]+2/'I)A_4lurB3 Jee:U¢¢:(3/1+2ﬂ)A+2:Url'33
P=-3(1+2u)A

2
Density of elastic energy: f = 2(3/] + 211,1)A2 + 6/,1—6



1. Spherical Inclusion

A, H Inside the inclusion Outside the inclusion

u(r)=Ar u(r):rE;

100 -2 0 0

‘ £|=AI[010} 8283[0 10}

| 001 o o1

OR=R -R homogeneous h
compression pure shear
Continuity at the interface ( | - B
D\ —
O-(R)—O-(R) (3A|+2/J|)AI :_4,11':?3

A= Au OR _ 3 +2u :OR
3N +2u' +4u R 3N +2u'+4u R



1. Spherical Inclusion

Spherical inclusion: infinite system u(r) =Ar +—
I
A H Inside the inclusion Outside the inclusion
B
— Al _
u (r)=Ar u(r)—r—2
100 B(2 00
) £|=Al[o 1 o} 823[0 1 o}
| 001 "o o1
OR=R -R homogeneous
pure shear

compression
2
Elastic energy: F = §(3/]' + 20" )A? gﬂR3 +IR 6,UB—6477I'2dr
r

oo BuBA +2) (
(31" +2u +4u)

2
Rj with Q' =gﬂR3



1. Spherical Inclusion

Homogeneous spherical inclusion : infinite system

Inside the inclusion Outside the inclusion
A’/’I _ | _ B
u(r)=Ar u(r)—r—2
1 00 B(-2 00
£'=A'[01o} 823[0 10
001 Flo o1
A= 4u  OR 5= 31+ 2u R35R
5R — RI _ R CT— B(A + 2/1) R B(A +2/,[) R

Eigenstrain : inclusion strain before matrix relaxation

100
é‘*:—JR[o 1 o} > ¢ au *

= g
Elastic energy: , 001 3(A+2u)
(A +2u) R 2 31 +2u)

F:EB(&T) {1_ 3/]"'2#}
3(A +2u)



2. Eshelby’s Inclusion

1) 2) ¢ \

1) Strain the inclusion to fit the hole
=C:.¢g*

elastic field in the inclusion € =g&* ¢
elastic field outside e=0 c=0

2) Weld the inclusion in the hole

=>» need to apply body force along the surface to T = _IC e dsS
compensate tractions caused by inclusion stress

3) Relax surface traction

J. D. Eshelby, Proc. Roy. Soc. Lond. A 241, 376 (1957); 252, 561 (1959).



2. Eshelby’s Inclusion

Elastic field outside the inclusion /
U (%) = <j>SG”. (x—X)T, (X)dS'

=~ G, (X=%)) (X)n (X)dS'  wit T = CiemEm

- 0 o |
= i[qj (R=X)T (%) [V

..QI Gij K (X — X’)O";k (X’)dV ' because



2. Eshelby’s Inclusion

Elastic field outside the inclusion /
U (X) =~ o G‘ij,k(X - X’)U}kk (X')dV | with O = Cjkmngmn
Em(R) = =] _ Gy i (R=X)0 (X)aV’

0, (X)=-C, G, w(X— X))o, (X)dV'

g J !

Elastic field inside the inclusion: add the eigenstrain



2. Eshelby’s Inclusion

If the eigenstrain is homogeneous, then the strain
inside the inclusion is also homogeneous

| — oE
gij_Sjklgkl

Eshelby tensor:

e _ 1
SJ'mn - ECanjQ. |:Gik,j| (X) +ij,i| (X)]dV

(minor symmetries but no major symmetry)

1
Elastic energy: F = EQ C”kI iEi —QI C,J|<|$|mn i €m

= ;QIC”H (kadn _SI:_Imn) éj émn



3. Inclusion and Applied Stress

Homogeneous spherical inclusion : infinite system

Inside the inclusion Outside the inclusion
A M Al _B
u(r)=Ar u(r)=—
1 00 B(-2 00
£|=A|o1oJ 523[010
00 1 o o 1
A= 4u  OR 5 = 34+ 2u R35R
3(1+2u) R 3(A +2u) R

Homogeneous spherical inclusion : finite system

the displacement cancel in Re (no external strain) B
=> superposition of a homogeneous strain &, U(RE) =——> T&, R"=0

B 100 2 00 100
(AI 53)[0 1 0} EZB?)[O 1 OJ_BS[O 10}
R 001 "lo o01) RF lo o1

=» variation of the elastic energy (image forces)




3. Inclusion and Applied Stress

Homogeneous spherical inclusion : finite system

Inside the inclusion Outside the inclusion
A7 H | B 1 r
wn=| A= ur) =8{ 55
R" r R
I_(I Bj[looJ _B[—zoo} BlooJ
e =|A-——5|lo1o €=—|o 10 ~—5lo10
RE Jlo o 1 "lo 01y RFloo1
(100 A= 4u  OR 5= 34+ 2u R35R
Interaction with an applied strain:&€ |0 1 0 3A+2u) R 3(A +24) R
001 _
Interaction between 2 elastic fields (superposition) F nter :VUiJ-l‘E‘ij2 =V0'ij 26‘”1

Einter — gnR33(3/] +2 LA - g 7IRE 3(3A+ 2 ,U)% 4

Finter — _Q|3(3A + 2/1)5RFQ£A
F™" =-3Q'c’P* with P* =—(31+2u)e"



3. Inclusion and Applied Stress

Interaction with an applied strain

Fmer = - o Cin ‘gi;(x)gg (x)dV

for an homogeneous eigenstrain

Fimer = —C, & IQI 4 (R)dV



4. Point Defect

Infinitesimal Inclusion

interest only in the far-field elastic range
> limit of small inclusion volume €, — O

assumption: homogeneous inclusion (not necessary because average eigenstrain)

Elastic field outside the inclusion ij = Cjkmngmn
U (R) ==] G, (R~ X))o, (X)dV' .
> u(X)=-G,, (7()(2'0jk N =
O-pq (X) — _Cpqmn oL ij ,nk (X — X,)O-jk (%)dV '

— | 1
> qu (X) — _Cpqmnij,nk (X)Q O-jk ] r_3

Interaction with an applied strain

Fer = Cu& (REL(R)AV > F" =Q'g’ & (0)

— Jo ij i

Infinitesimal inclusion fully characterized by QIJ;; =Q Cijkl Eid

(strain source)



4. Point Defect

Dipole :
Point defect modeled as an equilibrated distribution of point forces:
1 force F " acting in &" L
P Equilibrium = Resultant : Zn F =
— g — —nN mdl A
v => Net torque : ZnF xa =0

|

Displacement created by the point defect: U. (r) - znGij ('7 - an) Fj "

0G. (F)
, _ =\ — = n _ 1 N4y N
Long range dlsplzzcement. u (r) =G, (r )Zn F, o Zn Fla"+...
> Ha " k
= 0 (equilibrium: no force resultant)

ij — Zn anakn . elastic dipole modeling the point defect

(first moment of the force distribution)

symmetric tensor (equilibrium: no torque)

> U (r) = _Gij,k(r)F)jk and 0; (r) = _Cijkl ka,m () Pmn




4. Point Defect

Dipole :
Point defect modeled as an equilibrated distribution of point forces:

A P =2 Fa’

1 force |En actingin ad
e

—F — . : . .
e Interaction with an applied elastic field:

l Finter — _Zn Fkn U? (én)
Limited expansion: [ inter — ulf (6)Zn F' - uﬁl (O)Zn F'a' +...
= -, (OPR, +...

D. J. Bacon, D. M. Barnett and R. O. Scattergood, Prog. Mater. Sci. 23, 51 (1980).

Point defects :

| _ -1
2 equivalent modelds: Q gij* - Cijkl Pkl
- Eshelby infinitesimal inclusion

- elastic dipole [ inter — -£, (6) P, =-0, (E)QIEL




4. Point Defect

Point defect _in an elastic body: 2 equivalent models

I - Eshelby infinitesimal inclusion
- elastic dipole
e
— h — I — -1
e l Q gij* - Cijkl Pkl
inter _— A A _ A 1 P IO B
F ==&, (O)R; = -0, (0Q ¢,

+ infinitesimal dislocation loop

Microscopic elasticity theory  (Khachaturyan, Cook, De Fontaine)

SNV Point defect modeled by Kanzaki forces F"
<A> <$> <A> Only the first moment in dipole approach

C) {),(}_, (D Crystal answers throggh Its force-constant matrices
corresponding to its whole phonon spectrum
<A> (? <A> Elastic continuum corresponds to the long wavelength limit

(Cija ~ slope of the phonon dispersion in I')
ORCMCES
\_/

e



4. Point Defect

Determination of the elastic dipole from atomistic simulations
N Volume V
b 4 - .
— - containing N"" point defects P;
i ﬁfz, At - submitted to a homogeneous strain &;
A Elastic energy:
4 ﬁi_’ PD—PD PD 1 PD
g E=n"E" +E +-VC, g€, —N Pg;
e . Ll 2 e i
=7 EPD: point defect self energy
E::r)l?er: point defect interaction energy
1 0E n™°
Homogeneous stress: 0, = ——— = Cijklek, ——Pij
V 0g, \Y
1) Conditions with no stress (experiments): n°P

j
Pij deduced from measured strain

0,=0 > ¢ :TCE' P, (Vegard'slaw)

2) Conditions with no strain  (atomistic simulations): ,Pb
=0 = o, =—P
V
Pij deduced from measured stress



5. Carbon — Dislocation Interaction In lron

C atomin_airon:
Interstitial in octahedral site with 3 variants: [100], [010], [001]

=» modeled as a point-force dipole (P 0 0)
[001] variant 1 ’ (|:I>J ) =1 0 Py 0
3 = G —)
M X ol ‘ \ 0 0 PZ/

Atomic simulations:
« EAM potentiall?
« Atomic positions relaxed

+ Periodicity vectors fixed: & = 0

-40

1
> O-ij i Rj 80 |
. ‘P, 0 0) |
(O-ij ) =—— 0 Px 0 1120 ‘ | | |
V 0 2x10° 4x10° 6x10-° 8x10°
0 0 P, W e

1 M.l. Mendelev, S. Han, D.J. Srolovitz, G.J. Ackland, D.Y. Sun, M. Asta, Philos. Mag. 83, 3977 (2003)
2 C. Becquart, J. Raulot, G. Bencteux, C. Domain, M. Perez, S. Garruchet, & H. Nguyen, Comp. Mater. Sci. 40 (2007), 119.



5. Carbon — Dislocation Interaction In lron

Atomistic simulations
« Empirical potential (EAM) for Fe-C alloys!?
* Molecular statics (MS)
=» binding energies between
- C atom in octahedral interstitial site
- 12(111){110} screw or edge dislocation

EPind = E(dislo) + E(C) — E(dislo+C) — E(bcc)

Elasticity theory
I EPind — Pijgi? = Vgljoi‘?' (model first proposed by Cochardt et al.3)
/V
—  — d d — d . . . .
_ € and Oy = CijkI €, . strain and stress due to dislocation
1 calculated with - isotropic elasticity

- anisotropic elasticity
When the point defect acts only as a dilatation center

E™™ =) 0] /3 with &=V ) & : point defect relaxation volume

. L -
(“size interaction” model of Cottrell and Bilby#) I M.I. Mendelev et al, Philos. Mag. 83, 3977 (2003)

2 C. Becquart,et al.,, Comp. Mater. Sci. 40, 119 (2007)
3 A. W. Cochardt, G. Schoek, and H. Wiedersich, Acta Metall. 3, 533 (1955)
4 A. H. Cottrell and B. A. Bilby, Proc. Phys. Soc. A62, 49 (1949)



5. Carbon — Dislocation Interaction In lron

Screw dislocation

— C interstitial
[110] T
X

Scrg\./\_/'gl'l_s.lg | i/ Glide _plane

[111] [112]

[100] variant — h = 4d,, [001] variant — h = 3.5d

Ebind (ev) | | Ebind (ev)
0.04

/\\ " 0.2

0 —mimimi e N ioimem=ee

-0.04 ¢ 0.1
-0.08
012 0

-40 -20 0 20 40 X (A)

Anisotropic elasticity: all stress components

only pressure Atomic simulations
Isotropic elasticity: all stress components




5. Carbon — Dislocation Interaction In lron

Screw dislocation _ C interstitial
[110] T
X

serewdislo & 4] Glide plane

[111] [112]

Ebind (V) [100] variant Ebind (V) [001] variant
\ \ \ 0.4 \ \ \
04l h=35d,,, —
' 1.5dy, —
0.2 ® 05d,, —
0.2 -25dy, —
0 0
-0.2 -0.2
@
-20 -10 0 10 20 -20 -10 0 10 20
X (A) X (A)

Anisotropic elasticity: all stress components ® Atomic simulations



5. Carbon — Dislocation Interaction In lron

Edge dislo [111]
[100] variant — h =-9d,;, [010] variant — h = -7.5d,,,
Ebind (ev/ EPind (eV)
0.04 ‘ ‘ | 0 |
ol -0.02
= -0.04
-0.04
-0.06
-0.08 o 7.
‘ ‘ ‘ -0.08 ‘ ‘ bk ‘
40 .20 0 20 40 X (A) -40 -20 0 20 40 X (A)
Anisotropic elasticity: all stress components
—— only pressure Atomic simulations

Isotropic elasticity: all stress components
_____ only pressure



5. Carbon — Dislocation Interaction In lron

Edge dislo [11]]
| [100] variant | [010] variant
[Ebind (eV) [Ebind (eV)
4 dllO‘ T | o | -
2dy, —
02 ’-2 d 0 : 02 L

-4 d110

| 2-5 dllo

7 0.2 0.5dy;p ——
| -35dy, —
‘ ‘ ‘ 0.4 = ‘ ‘ ‘ ‘
-20 -10 0 10 X (A) -20 -10 0 10 X (A)

Anisotropic elasticity: all stress components ® Atomic simulations



5. Carbon — Dislocation Interaction In lron

Comparison atomic simulations / elasticity theory 1
Quantitative agreement for r > r,
when considering in elastic modeling
- dilatation and tetragonal distortion due to the C atom
- anisotropy
escrew: r,~ 2 A
 edge:r.~ 20 A

=» elastic model can be used in mesoscale simulations (DD, AKMC, ...)

Diffusion under stress 2
Stress dependence of the activation energy
of the point-defect jump

) Esaddle
act
= —_ {
E Esaddle Estable E&
— =0 _ o _ saddle __ pstable
- Esaddle Estable (Pu I:)ij ) 8ij Estable

1 E. Clouet, S. Garruchet, H. Nguyen, M. Perez, and C.S. Becquart, Acta Mater. 56, 3450 (2008)
2 R. Veiga, M. Perez, C. Becquart, E. Clouet and C. Domain, Acta Mater. 59, 6963 (2011)



5. Carbon — Dislocation Interaction In lron

Diffusion near the core

C diffusion bias
induced by dislocation:

(d)=2P.3.,

3., : jump vector

P, . jJump probability
- EAM + NEB
- elasticity

=» AKMC simulations

R. Veiga, M. Perez, C. Becquatrt, E.

Atomistic simulations

Atomistic simulations
edge T E T LD
e Sl TR R R
300K WA RERAE b e A
Br L o N e o b o
e e % Nk Rl o @ -
****** NG i a3
e T B e e e T R T il G e i
E 1prrrr"eeaa W § i e e W
5 "7""""“'—"‘\\;,4( ****** b i
T, Rk A Ay e P TR LR
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Clouet and C. Domain, Acta Mater. 59, 6963 (2011)



0. Isolated Point-Defect in Ab Initio Calculations

Atomistic simulations : valuable tool to study point defects
(vacancies, self-interstitial atoms, solute, clusters, ...)
=» structure

=» formation, migration, interaction energies

N  empirical potentials _
accuracy and transferability # o _ size of the system N
 ab initio calculations
- DFT
v  — hybrid functionals
. . . . < ) @
Point defects in a simulation cell - - -

with periodic boundary conditions
=» artifact due to interaction with periodic images

charged defect: Coulombian interaction (E"er ~ 1/L)
neutral defect: elastic interaction (E"er ~ 1/L3)

e e e




0. Isolated Point-Defect in Ab Initio Calculations

<111> loop

=,
og | [ EAM GGA | 20 | EAM GGA -
e=0 N N e=0 N H
A
o4 | o=0 A A ] 20 + c=0 A A
> S
Q o
"y "y I
20 | 18
16 r
16 r
100 1000 100 1000
Number of atoms Number of atoms

GGA ¢=0:AE=56¢eV
0=0:AE=0.6 eV

1 M.-C. Matrinica, F. Willaime, and J.-P. Crocombette, Phys. Rev. Lett. 108, 025501 (2012).



0. Isolated Point-Defect in Ab Initio Calculations

Atomistic simulations  of point defects with periodic boundary conditions

PD
> Eatomistic
.  —=PD _ =PD _ PBC
Isolated point defect: Eoo = EatomiStiC ]/ 2 Einter
S (o <
Elasticity theory = EiF;?eCr
- withdraw artifact due to PBC G o O )

- consistency of e=0 and 0=0 calculations

(:; (:; (:;

PBC _ ' _ _
aij - _Z Gik,jI(anp)PkI with R mp na, +ma2 +pa3

n

nvmsp . . . -
==~ summation on periodic images

Inputs needed to evaluate interaction energy

* stress / strain of the supercell containing the point defect: P;
* elastic constants of the perfect crystal: Gik,jl

=» Fast and simple post-treatment



0. Isolated Point-Defect in Ab Initio Calculations

<111> loop

=,
og | [ EAM GGA | 20 | EAM GGA -
e=0 N N e=0 N H
A
o4 | o=0 A A ] 20 + c=0 A A
> S
Q o
"y "y I
20 | 18
16 r
16 r
100 1000 100 1000
Number of atoms Number of atoms

GGA ¢=0:AE=56¢eV
0=0:AE=0.6 eV

1 M.-C. Matrinica, F. Willaime, and J.-P. Crocombette, Phys. Rev. Lett. 108, 025501 (2012).



0. Isolated Point-Defect in Ab Initio Calculations

e=0 [ | H 2l e=0 [ | |
a ge=0corr [] ] A g=0corr [] ]
24 + c=0 A A i 20 r =0 A A
> c=0corr A A < c=0corr A A
) S
Ty Iy i
o0 | 18
16 +
16
100 1000 100 1000
Number of atoms Number of atoms
Uncorrected With elastic correction
GGA ¢=0:AE=5.6¢eV e=0 : AE =3.3 eV
0=0:AE =0.6 eV 0=0:AE =3.7eV

1 M.-C. Matrinica, F. Willaime, and J.-P. Crocombette, Phys. Rev. Lett. 108, 025501 (2012).



0. Isolated Point-Defect in Ab Initio Calculations

Neutral Vacancy in diamond Silicon

Si = semi-conductors : good description of the band gap needed

=» simple DFT (LDA/GGA) fails
= RPA or hybrid functionals needed*

Vacancy: Jahn-Teller distortion 4.3
=» long range elastic field
42
>
HSEO06 hybrid functional 2
2x2x2 k-points mesh Ty
= Ef=4.26eV
3.6
3.5

- e=0 N -

[ e=0corr O ]
c=0 &
c=0corr A |

LDA HSEO06 |

250 500 750 1000
Number of atoms

1 F. Bruneval, Phys. Rev. Lett. 108, 256403 (2012).



0. Isolated Point-Defect in Ab Initio Calculations

Conclusions
Isolated point defect:

EPD — EPD _]/2 E!DBC

atomistic inter

O e e

(i @) o ‘ O
Interaction energy evaluated

within anisotropic elasticity theory
Inputs: & i ]

« elastic constants of the perfect crystal
e stress / strain of the supercell containing the point defect

=» Fast and simple post-treatment

(Fortran source code available as supplemental material*)
Validation

* Interstitial clusters in bcc Fe
 Self-interstitial in hcp Zr (formation and migration)
* Neutral vacancy in silicon

Perspective
Convergency could be improved by also correcting atomic forces
but the evaluation of 9%E / dX d¢ is needed (no Hellmann-Feynamn theorem)

& C. Varvenne, F. Bruneval, M.-C. Marinica, and E. Clouet, Phys. Rev. B in press (2013).



/. Inhomogeneity and polarizability

Eliispoidal inclusion

Eshelby inhomogeneous inclusion equivalent homogeneous inclusion

Strain in the inclusion: € Strain in the inclusion: € = §F &”

i [ v — Al
Displacement continuity at the interface: & =§&

Stress continuity at the interface: Cl(e''-e ) =C(c' -¢)

£ =[(C-0)s" +C] Crer




/. Inhomogeneity and polarizability

Ellipsoidal inclusion with an applied strain

Eshelby inhomogeneous inclusion equivalent homogeneous inclusion

Strain in the inclusion: £ + €A Strain in the inclusion: £ = SF &" + €A

| A _ Al A
Displacement continuity at the interface: & T& =& *€&
Stress continuity at the interface: Cl(e''-c '+&?) =C(&' - +&*)

¢ =[(C'-C)S" +C] [C'e*' ~(C'-C)&* ]

=» strain source depends on the applied strain



/. Inhomogeneity and polarizability

Point defect modeled in elasticity theory by an elastic dipole with an amplitude
depending on the applied strain

first order: 0
B =R +a,.&,

I I
e _—
dipole polarizability
(para-elasticity) (dia-elasticity)
Elastic interaction with an applied strain EMe = —Rjog -1/20,,, €4

=» dependence of the elastic constants
with the concentration of point defects (solute atoms)

.. two strain sources

pinter — RJO (glfl) 8”(2)) _a,”klg(l)g (2) 1/ 2%« (g (129“(1) +E, (2§ (2))

coupling (SIPA)

Under finite T, paraelastic contribution also leads to polarizability
for a point defect with several variants

—p)
average dipole: <P”>:Zn exp( 2" gk')P”(”) with S = Z exp( (m)c‘? )




/. Inhomogeneity and polarizability

Vacancy in bcc iron : interaction with an applied strain

Simulation box 10x10x10 (2000 sites)
Marinica 2007 EAM potential

-

—-10 t

Energy difference (meV)
Energy difference (meV)

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Applied strain € (%) Applied strain € (%)

=» elasticity can be used to model variations with the applied strain
of the energies of defects (vacancies, self interstitials, solute, precipitates)



Morning’s Conclusions

|. Elasticity Theory

1. Deformation of an elastic body
Stresses in an elastic body
Thermodynamics of deformation

Hooke’s law

o k~ WD

Equilibrium equation in homogeneous elasticity

ll. Inclusions, Inhomogeneities and Point Defects
1. Spherical inclusion

Eshelby’s inclusion

Inclusion and applied stress

Point defect

Carbon - dislocation interaction in iron

Isolated point-defect in ab initio calculations

S A R

Inhomogeneity and polarizability



l1l. Dislocations

1. Dislocation: lattice defect
2. Elasticity theory of dislocations

3. Atomistic simulations

References :
 D. J. Bacon, D. M. Barnett and R. O. Scattergood, Prog. Mater. Sci. 23, 51
(1980).
J.P. Hirth & J. Lothe, Theory of dislocations (1982)
D. Hull and D. J. Bacon, Introduction to Dislocations, 5" edition (2011).
V. V. Bulatov and W. Cai, Computer Simulations of Dislocations (2006).
C. Weinberger, W. Cai and D. Barnett, Elasticity of Microscopic Structures,
Standford Univ. lecture notes (2005).



1. Dislocation: lattice defect

Crystal shear : homogeneous vs localized shear

—Ls > >
N — —
—_— —_— —_—

I

HH /HHNE

displacement border line = dislocation
discontinuity




1. Dislocation: lattice defect

Dislocation : frontier line of a surface of displacement discontinuity

—

- line direction | (varying)
- Burgers vector b = C"‘)dU (conserved)

Linear crystal defect propagating the plastic strain

edge
bO{

SF/RH convention
(see chap. 1 in Hirth and Lothe)



1. Dislocation: lattice defect

The displacement discontinuity needs to be bound
=» close dislocation lines (loops)
or intersection with other defects (dislocations, surfaces)

The Burgers vector needs to be a vector of the Bravais lattice
otherwise a stacking fault is generated (perfect vs partial dislocation)



1. Dislocation: lattice defect

When a dislocation segment advances, the corresponding surface area is
displace by one Burgers vector. _
ol X X

The volume involved in the transformation is

—_—

XD =(Axx)b=pExd)x 9

Glide = conservative motion: O =0

displacement needs to be orthogonal to line and Burgers vector

=>» Burgers vector and line direction belong to the glide plane
(screw dislocation: several glide planes)

Climb = non conservative motion: K2 # O

displacement perpendicular to the glide plane
=>» diffusion needed



1. Dislocation: lattice defect

Dislocations in real life

Daniel Caillard

TEM in situ straining experiments

Ti @ 150 K oo /] Zr @ 150 K
Ti =2 |2

47.867

Zircomium | l=

40
Zr E. Clouet, D. Caillard, N. Chaari, F. Onimus and D. Rodney,

91,224 Nature Materials in press (2015).




1. Dislocation: lattice defect

Dislocations in real life

© 400

| I 1 I 1 I 1
High vield strength
Fe @ 120 K any g Fe

W
o
o

Strong temperature
dependence

'

200

100

Resolved shear stress (MP

I ! I ! I
0 100 200 300 400

Temperature (K)

Fe @ ambiant T

D. Brunner and J. Diehl, Phys. Stat. Sol. A 160, 355 (1997).
D. Caillard, Acta Mater. 58, 3493; 3504 (2010).



2. Elasticity theory of dislocations

Linear elasticity theory

2 u.
Ciix 4 +1,=0 0; =Céy and ¢ -1/ 24
anaxl 2 an a)ﬂ
Dislocation definition: D ZCIDdU i 4

Elastic field created by a dislocation loop in an infinite body
U (X) = ijmbijD n Gij K (X =X)dS (volterra's formula)

g, (X) =C CﬁLD €0nC pqrmPm€ (XI)ka,q (X=X)dI" (Mura's formula)

with ¢}, unit vector along the line

displacement: surface integral =» depends on history
stress: line integral =» state variable

computer implementation of stress calculations: DD simulations

divergence close to the dislocation line: IN(r') for displacement
1/r for stress



2. Elasticity theory of dislocations

Elastic field created by a dislocation loop in an infinite body

u(%)=C NG, (X -X)dS n ¢

ikl mbm P

- Ir!ljg[cjklm o € G (X —X)dV } hI
=» Dislocation loop equivalent to an Eshelby inclusion Q!

-volume Q' =hS
b.Nn

: : S— m
e eigenstrain &,y =

" h




2. Elasticity theory of dislocations

Elastic field created by a dislocation loop in an infinite body
far from the loop Z

U (%) =C.b,, N G, ((X=X)dS
= CimbBnS G« (X)

Jpq (X) = CpqiankImbmSGij,kn(X) > O-ij (X) L o3

Infinitesimal dislocation loop can model a point defect

elastic dipole - _ D
P Pj - Cijklbks



2. Elasticity theory of dislocations

Interaction with an applied stress

D
using Gauss theorem [ nter :j g ePdv :J a'.“aid\/
v U v OX
j
A
1 ¢ 0 d0;
=| —(ofu’)dV - Lu’dv
v X vV OX R
= o007 U dS =
STUS (equilibrium)
[ A
- Jgp O-ij bldSJ
using analogy with Eshelby inclusion
inter _— * A i * b N
E™ = - o Cijklgij (X)&¢ (X)AV  with Q' =hS° and Em =~ rrrlll

S5 Einter = ] O.IjAbl dSJ
S




2. Elasticity theory of dislocations

Energy variation & when the dislocation sweeps

an infinitesimal surface area O
=» Peach Koehler force




2. Elasticity theory of dislocations

Dislocation self enerqgy

4

_1 D .D
=5l oveav

=> needs to introduce a cutoff distance, core radius I,
to avoid divergence in the core

Inside the core region: core energy

outside: elastic energy
can be obtained by a double line integral?
+ tractions on the core cylinder?

=>» other solution = spreading of the Dirac peak defining the density of
Burgers vector: Peierls Nabarro, standard core3, non singular theory*

=>» the self energy induces a self stress

—

1. J. Lothe, Philos. Mag. A 46, 177 (1982).

2. E. Clouet, Philos. Mag. 89, 1565 (2009).

3. J. Lothe, Dislocations in Continuous Elastic Media, 187 (1992).

4. W. Cai, A. Arsenlis, C. R. Weinberger and V. V. Bulatov, J. Mech. Phys. Solids 54, 561 (2006).



2. Elasticity theory of dislocations

Dislocation self energy : line tension approximation

E® :; |, o erav
ll

EP = jLD E*(6)dl

of same character &

with E” () = ; K (5)b2 |Og(R] energy of an infinite straight dislocation

C

R characteristic size of the loop

2> E° OR[log(R)+cste]

2
Selfstress 1 = L line tension ' = E() + 0 E(ZH)
ob 06

dislocation curvature radius O




2. Elasticity theory of dislocations

Infinite straight dislocation __: screw in isotropic elasticity

cylindrical symmetry

a(e)=b e, Dlog(p)
7T

b 1
0-92 — ’LI_ [] —
9 2710 P
0, =04 =0, =0, =0,,=0
b’ R
Strain energy contained in a cylinder of radius R:  E = 'Z—ﬂ log I‘_
C

Edge dislocation

1 b* R
u(o) Olog(p) ol /; E= 4ﬂ'L(ll_ V)|09(r6] = higher energy




2. Elasticity theory of dislocations

Infinite straight dislocation _: anisotropic elasticity!-3

same radial variation as in isotropic elasticity but angular dependence changes
(non null term)

1

ml 0=
a(p) Ulog(p) c 5

1 R
Strain energy contained in a cylinder of radius R E = —b Kij bj log| —
defined by Stroh matrix Kij 2 r

C

Isotropic elasticity: (1 0 0 )

Kij = Zﬂ(I]L_I— I/) 0 1 0 for z along th_e dislocation line
(screw orientation)
\O 0 1- V)

(X,y.2)

1. J. D. Eshelby, W. T. Read and W. Shockley, Acta Metall. 1, 251 (1953).
2. A. N. Stroh, Philos. Mag. 3, 625 (1958).
3. A. N. Stroh, J. Math. Phys. (Cambridge, Mass.) 41, 77 (1962).



2. Elasticity theory of dislocations

%(111){ 119

edge dislocation in Fe

Atoms fixed by linear
anisotropic elasticity

E (ev.AYl)
15

%(111){ 110

24331 + 1952 atoms (x3)

05

Data
Fit —
0 . |
0 40 80 120 1 (A)
AE (eV.A1) | |
 AE()=E()-IbkKb |n(/d
0.3 ~
Excess energy stored in a cylindey (radius r) | III:)_?ta
R 0.25 - T
—_— core .
E(r) _E beJ In r = Ecore = 286 + 1 meV.AL
C
fit Known | | | | fe=b
(linear anisotropic elasticity) %2 9 40 80 120 r (A)



3. Atomistic simulations

vallees de Peierls Op contrainte de Peierls
AE / \ c=0]
\ e
0 barriere
de Peierls

XDisIo

Dislocations :
e champ élastigue a longue distance
e perturbation importante du réseau cristallin au voisinage de la ligne: coeur

Mobilité des dislocations: propriété liee au caeur
- glissement: plan de glissement, énergie et contrainte de Peierls
- monteée: absorption ou élimination de défauts ponctuels
- glissement dévié: changement de plan de glissement



3. Atomistic simulations

» Description de la structure du cceur des dislocations
=» simulations atomiques

« Champ elastique a longue distance
« Séparation énergie de coeur / énergie élastique
=>» couplage avec théorie élastique (anisotrope)

<

Informations transposables aux échelles supérieures
(DD, plasticité cristalline...)

- plan de glissement - contraintes de Peierls
- énergie d’activation - lois de mohbilité ...

* Potentiel empirique (EAM) 0

500+

Natomes

e Ab initio (DFT)

Précision

\ 4

=> need to go to a small scale to have a precise description
of the atomic bonding (transition metals)



3. Atomistic simulations

The displacement discontinuity opened by the dislocation
has to be closed
=» a simulation box with periodic boundary conditions
cannot contain a single dislocation

Solutions:
- simulation box with surfaces
- dislocation dipole with PBC .

y
Z‘/T_i



3. Atomistic simulations

1. Cluster approach with fixed boundary
=» Isolated dislocation in a cylinder

Inner atoms relaxed according to atomic forces

Outer atoms
fixed to elastic solution (Volterra)

Main drawbacks :
- the Volterra solution is only the leading term of the elastic field created by the
dislocation. The core field cannot be accommodated.

a(p) =0, log(p) + O(lj
Jo,

- back-stress exerted by the boundary when the dislocation moves.

=» ok for empirical potentials, but not for ab initio



3. Atomistic simulations

2. Cluster approach with relaxed boundary
=> Isolated dislocation in a cylinder 7

Inner atoms relaxed according to atomic forces

Intermedidate atoms
fixed and used to calculate atomic
forces due to the dislocation

Outer atoms
fixed, only here to screen
the surface

Lattice Green’s functions (inverse of force constants matrix) are used
to relax atomic forces that build in the intermediate zone
=» correct harmonic, thus elastic, relaxation of dislocation core

Main drawback : the energy contribution of the dislocation cannot be isolated
from the surface one in ab initio calculations (no cutoff distance for atomic interactions)
=» ok for atomic structure, for Peierls stress, but not for energy

J. E. Sinclair, P. C. Gehlen, R. G. Hoagland and J. P. Hirth, J. Appl. Phys. 49, 3890 (1978).
C. Woodward and S. |I. RaoPhys. Rev. Lett. 88, 216402 (2002).
J. A. Yasi and D. R. Trinkle, Phys. Rev. E 85, 066706 (2012).



3. Atomistic simulations

3. Dipole approach
=» Periodic array of dislocations (periodic boundary conditions)
All atoms relaxed according to atomic forces

O, X O, X
Main drawback: interaction between dislocations
and their periodic images o
=» can be minimized with quadripolar arrangement 0% @b 0% ®
(but still a live) _b

If the interaction is only caused by Volterra elastic field, ® R ® R
It can be calculated within linear elasticity theory
with proper account of PBC

Interaction energy between 2 dislocations at a distance D

b
r

C

inter (1) (2)
E™ =-b™K;b/”log

W. Cai, V. V. Bulatov, J. Chang, J. Li and S. Yip, Philos. Mag. 83, 539 (2003).



3. Atomistic simulations

@
— @
<101> @
I o O
—_ 2 @ ) @
<111> <121> @
<€ >
-1
z=2b/3 z=hi3 "
O I I I
o N NN N

z=0 | | | |

NOY . NOV T NOV T NOY

Screw dislo Fe
ab initio (L. Ventelon)

E (eVIA)
0.4 v/A:stic
0.2
Ecore
I i —il— -
. R -
0 100 200 300 N

atoms

=» core energy does not depend on simulation setup

E. Clouet, L. Ventelon and F. Willaime, Phys. Rev. Lett. 102, 055502 (2009).



3. Atomistic simulations

Screw Dislocation in Zr : Core Structure

Differential displacement maps?* (Vitek):

0.95 ® O ®® O © arrow proportional to difference of atomic
! ' displacement projected in the direction of
O @ O @ O the Burgers vector

® O ®© O © =>» measure of strain
\

O
10 Q
<

i ® O Dislocation density? (Nye tensor):
—0.25 O @ Nye tensor O bI = j ai.n.dS
— ® O A
e ;. density of dislocation with line along
P @ O @ e .
(T011) fault € direction I and Burgers vector along |
(1010) fault H /. O a=-x E
(0001] O @ with distortion F extracted from atomic
\ positions
10| @ 1070© @ O @ O

1. V. Vitek, R. C. Perrin and D. K. Bowen,
Philos. Mag. 21, 1049 (1970).
2. C. S. Hartley and Y. Mishin, Acta Mater. 53, 1313 (2005).



3. Atomistic simulations

Screw Dislocation in Zr : Core Structure

Disreqistry (in prismatic plane)

1) Atomic simulations: disregristy
=» displacement difference between
above and below glide plane

Au(X) = u"®(x) —u®""(x)
e

Aulx)/ b

_.UUp-.Z——__— 02_

b .

_udown..l — o =

JAu / ox

box S 7x7 |
(196 atoms)

2) Fit Peierls-Nabarro model 0.1 r

=>» dislocation position X,
= dissociation length d T 0 o0 10
> partlal Spreadmg oIt Position x in prismatic plane (A)

Au(X :L{n—atar(x_xo —d/2j —ataﬁx_xO +d /Zﬂ
2TT O 0

R. Peierls, Proc. Phys. Soc. 52, 34 (1940).
F. R. N. Nabarro, Proc. Phys. Soc. 59, 256 (1947).
D. Rodney and J. Bonneville, Dislocations in Pysical Metallurgy (2014).



3. Atomistic simulations

Screw Dislocation in Zr : Core Structure

! 0.25 ® O 6 O © 2
| O @ O @ O <
|y & ® O 0 O @
= \
O ® O
P4
i ~0.25 ® O @ & ™
O ® O 3 _ box S 7x7
z 0 112 © 0l (196 atoms)
hep @ O P O @ !
(1011) fault 4 0 . . . . .
(1010) fault @[] ® O -10 0 10
/ Position x in prismatic plane (A)
[0001] O O @
N\
[1310] © 10701 © ®@ O @ O => dissociation in prismatic plane

In 2 partial dislocations b/2



3. Atomistic simulations

Dislocation dissociation

Elasticenergy EP [1b?
66 25 45 i 550

=» dissociation reduces elastic energy
... but creation of a stacking fault

. B S /77777 S—
Au Au y
b [ b [
0 0
X d
. . . — _hD (2) d
Energy variation due to dissociation: AEdiSS(d) - _h Kij bj In (j + \d
Q(l)Kij bj<2) I'.

minimal for d®9 =

Y

Stacking fault needs to be stable



3. Atomistic simulations

Generalized Stacking Fault

* the crystal is sheared in a plane with different fault vectors
« atoms are relaxed perpendicularly to the fault plane
=» look for a minimum on the surface energy

Hcp Zr basal plane prism plane
Y O m)
0.75 v amo)
1 L
0.5 i
05 r
0.25 ) 0
a/2|[1010]
== N ¢ [0001]

a/3 [1210] 0.5

a/3 [1210] 10
Minimun in 1/6[1210]
Y,= 13.2 meV/A?

Slight minimum in 1/3[1100]
Yy = 13.3 meV/A?




3. Atomistic simulations

Screw Dislocation in Zr : Core Structure

!0.25 ® O 6 O o
C @ O @ O

® O ® O © .0.0\.

0 o
<
i—o.zs
z 0 12 O O O O .—; —/ »,
hep @ O
(1011) fault @ < ® C @ ® ® O-0 O @
(1010) fault I [ 3, ® O

N\
; O O ® O @ O
@ C@® e0-000 000060
@ O ® O @0 O @0 @O0 OeO0 eo

/
[0001] O

Different stable core structures  of the same dislocation can exist
=>» need to know their energy to conclude on their stability



3. Atomistic simulations

15

stability
mobility -

AE (meV

Simulation cell:
192 atoms (6x8)

> | <

prismatic glide
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 prismatic planes
easy glide

* pyramidal planes (Peierls)
nucleation of kink pairs



3. Atomistic simulations

< ' > | <
Zr pyramidal glide prismatic glide
< i |
> |
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i |
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3. Atomistic simulations

Dislocations in Zr and Ti : conclusions

screw dislocation: same configurations but different stability®
=>» different glide mechanisms

Zr dislocation ground state dissociated in prismatic plane
prismatic glide': low Peierls stress (o, < 21 MPa)
easy glide in agreement with in situ TEM experiments
pyramidal and basal glide?* activated above 300K

Ti dislocation ground state screw dislocation spread in pyramidal plane (fault??)
prismatic glide: locking / unlocking mechanism
with a metastable glissile configuration

in agreement with locking unlocking mechanism? (in situ TEM experiments)

pyramidal glide: Peierls barrier (nucleation of pair of kinks) activated below 300K
I—E-Clouet, Phys- Rev. B-86, 144104 (2012)—
2. N. Chaatri, E. Clouet and D. Rodney, Phys. Rev. Lett. 112, 075504 (2014)
3. N. Chaatri, E. Clouet and D. Rodney, Metall. Mater. Trans. A 45, 5898 (2014)
4. S. Farenc, D. Caillard and A. Couret, Acta Metall. Mater. 41, 2701 (1993); Acta Metall. Mater. 43, 3669 (1995)
5. E. Clouet, D. Caillard, N. Chaari, F. Onimus and D. Rodney, Nature Materials in press (2015).
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Afternoon’s Conclusions

|. Elasticity Theory

ll. Inclusions, Inhomogeneities and Point Defects

[1l. Dislocations
1. Dislocation: lattice defect
2. Elasticity theory of dislocations

3. Atomistic simulations



